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Abstract

In this paper it is shown that in the absence of differentiability and a
regularity condition a sequential Lagrangian duality and saddle-point condi-
tions, and sequential stability results hold for abstract convex programs. As
an application a sequential Lagrangian duality result is obtained for convex
semidefinite programs. The results, which are expressed in terms of a limiting
Lagrangian function, yield the known duality results under a simple closed
cone condition that is much weaker than the well known constraint qualifica-
tions.

1 Introduction and Preliminaries

Consider the cone-convex programming model problem

(P ) Minimize f(x)

subject to g(x) ∈ −S,

where X is a reflexive Banach space, Z is a Banach space, S is a closed convex cone
in Z, which does not necessarily have non-empty interior, the mapping f : X → IR is
a continuous convex function and g : X → Z is a continuous and S-convex function.
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Let A be the feasible set of (P ), that is A := {x ∈ X | g(x) ∈ −S}. A particular
case of (P ) is the convex semidefinite programming model problem

(SDP ) minimize
x∈IRm

f(x)

subject to F0 +
m∑

i=1

Fixi � 0

where f : IRm → IR is a convex function and, for i = 0, . . . , m, Fi ∈ Sn, the space
of symmetric n× n matrices and � denotes the Löwner partial order of Sn, that is,
for M, N ∈ Sn, M � N if and only if (M − N) is positive semidefinite. This model
problem is increasingly becoming a basic modelling tool for many important appli-
cations in control and signal processing, eigenvalue optimization, and combinatorial
optimization (see [17, 18, 19, 22]). It is known that in the absence of a regularity
condition (such as a generalized Slater’s constraint qualification or a closed cone
condition) the standard Lagrangian results do not hold for (SDP ) or (P ).

The present work was motivated by the recent research in optimization which
has shown that sequential forms of the Lagrange multiplier conditions hold in the
absence of a constraint qualification (see [10, 21]). Such conditions, expressed in
terms of convex subdifferentials at nearby points of a minimizer were obtained by
applying sequential convex calculus [21]. More recently authors [10] have given
another sequential form of such conditions, where the optimality conditions were
given in terms of ε−subdifferentials and the convex subdifferentials at the minimizer
using the Hahn Banach separation Theorem.

The purpose of this paper is to show that sequential Lagrangian results hold for
abstract convex programming problems without any regularity condition. This is
achieved by the aid of the powerful conjugate analysis coupled with the geometry of
hyperplane separation of convex sets. It is shown that in the absence of differentiabil-
ity and a regularity condition, a perfect duality holds between (P ) and a sequential
form of the Lagrangian dual problem. As a special case, corresponding sequential
results are obtained for convex semidefinite program (SDP ). Sequential Lagrangian
saddle-point conditions as well as sequential stability results are also given. These
conditions are expressed in terms of the lower limit of a sequential standard La-
grangian function. Our results differ from other Lagrangian results [1, 2, 3, 13, 16]
established in the literature, where limiting modified Lagrangian functions are used.
The significance of our results is that they yield the standard Lagrangian results
under a simple closed cone condition that is much weaker than the well known
constraint qualifications. Closed cone conditions are generally employed to study
mathematical programs involving sublinear or linear cone constraints. Our results
show that a natural extension of such a condition, involving epigraphs of conjugate
functions, plays a key role also in abstract convex programs (P ). Numerical exam-
ples are discussed to illustrate the significance of the sequential results. The main
results are presented in reflexive Banach spaces X in order to avoid the use of nets.
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However, the results and their proofs continue to hold in locally convex topological
spaces.

The continuous dual space of X will be denoted X ′ and will be endowed with the
weak* topology. The (positive) polar of the cone S ⊆ Z is the cone S+ = {θ ∈ Z ′ :
θ(k) ≥ 0, ∀k ∈ S}. For a subset D ⊂ X, the indicator function of D, denoted
by δD, is defined by δD(x) = 0 if x ∈ D and δD(x) = +∞ if x ∈ X \ D. Note that
if D is a nonempty, closed and convex set then δD(.) is proper convex and lower
semi-continuous (l.s.c.) on X. The support function of D, denoted by σD, is

σD(u) := sup
x∈D

u(x), u ∈ X ′.

Let f : X → IR ∪ {+∞} be a proper lower semi-continuous convex function. Then,
the conjugate function [20] of f, f ∗ : X ′ → IR ∪ {+∞} is defined by

f ∗(v) = sup{v(x) − f(x) | x ∈ dom f}

where the domain of f , dom f , is given by

dom f = {x ∈ X | f(x) < +∞}.

The epigraph of f, epi f , is defined by

epi f = {(x, r) ∈ X × IR | x ∈ dom f, f(x) ≤ r}.

If f̃(x) = f(x) − k, x ∈ X, k ∈ IR, then epi f̃ ∗ = epi f ∗ + (0, k).

The mapping g : X → Z is S-convex if for every u, v ∈ X and every t ∈ [0, 1],

g(tu + (1 − t)v) − tg(u) − (1 − t)g(v) ∈ −S.

The weak∗convergence of the sequence {wn} of X ′ to w will be denoted by wn →∗ w.
The following lemma plays a key role in establishing sequential Lagrangian results.
The lemma was recently given in finite dimensions and then extended to infinite
dimensions in [9, 11].

Lemma 1.1 [9, 11] If g : X → Z is a continuous and S-convex mapping then each
of the following statements holds:

(i) g−1(−S) �= ∅ ⇐⇒ (0,−1) /∈ cl
(⋃

λ∈S+ epi(λg)∗
)
.

(ii) g−1(−S) �= ∅ =⇒ epiσA = cl
(⋃

λ∈S+ epi(λg)∗
)
.
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2 Dual Characterizations of Convex Systems

In this section we establish various dual sequential characterizations of cone-convex
inequality systems without any regularity condition. We derive such characteriza-
tions by employing the epigraph based conjugate analysis and the Hahn-Banach
separation theorem. These dual sequential characterizations are then applied to
derive sequential Lagrangian results for (P ).

Theorem 2.1 If the system g(x) ∈ −S is consistent then for any α ∈R, then the
following statements are equivalent:

(i) g(x) ∈ −S =⇒ f(x) ≥ α,

(ii) (0,−α) ∈ epif ∗ + cl(∪λ∈S+epi(λg)∗).

(iii) (∃(λn) ⊂ S+) (∀x ∈ X) f(x) + lim inf
n→∞

λng(x) ≥ α.

Proof. [(i)⇐⇒(ii)]. Let A := {x ∈ X : g(x) ∈ −S}. Then A is a closed convex sub-
set of X since g is continuous and S-convex. By Lemma 1.1, cl

(⋃
λ∈S+ epi(λg)∗

)
=

epiσA. Hence (ii) means that there exists (u, β) ∈ epi σA such that −(u, α + β) ∈
epi f ∗. This implies that if x ∈ A then u(x) ≤ σA (u) ≤ β and −β − α ≥
−u(x) − f(x). So, f(x) ≥ α and (i) follows.

Conversely, let H = {x ∈ X : h(x) ≥ 0} where h(x) = f(x) − α. Clearly, H
is a closed convex subset of X and (i) means that A ⊂ H . Now, A ⊆ H if and
only if h + δA ≥ 0. It follows from the definition of epi (h + δA)∗ and the inequality
h + δA ≥ 0 that

0 ∈ epi (h + δA)∗.

Since h is a real-valued continuous convex function and A is non-empty, it follows
that

(h + δA)∗ = h∗ ⊕ δ∗A

where ⊕ denotes the inf-convolution (see Hiriart-Urruty [7, 8]). Moreover for each
x ∈ dom(h∗ ⊕ δ∗A), there exist x1, x2 ∈ X and x1 + x2 = x such that

(h∗ ⊕ δ∗A)(x) = h∗(x1) + δ∗A(x2).

Now it is easy to see that (see [11])

epi (h∗ ⊕ δ∗A) = epi h∗ + epi δ∗A.

As δ∗A = σA, from Lemma 1.1 we get

epi δ∗A = cl

( ⋃
λ∈S+

epi (λg)∗
)

.
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Thus, if A ⊆ H then

0 ∈ epi h∗ + cl

( ⋃
λ∈S+

epi (λg)∗
)

.

This is equivalent to (ii).

[(ii) ⇒ (iii)] Suppose that (ii) holds. Then there exist v ∈ X ′, β ≥ 0 and
sequences (vn)n ⊂ X ′, (αn) ⊂R+, (λn) ⊂ S+ such that

(−v,−f ∗(v) − β − α) = lim
n→∞

(vn, (λng)∗(vn) + αn).

This gives
−v = lim

n→∞
vn

−f ∗(v) − β − α = lim
n→∞

[(λng)∗(vn) + αn].

Rewriting the last inequality in the form

f ∗(v) = − lim
n→∞

[(λng)∗(vn) + αn] − β − α

we have, by definition of f ∗(v),

〈v, x〉 − f(x) ≤ − lim
n→∞

[(λng)∗(vn) + αn] − β − α, ∀x ∈ X,

or equivalently, for all x ∈ X,

f(x) ≥ lim
n→∞

[(λng)∗(vn) + αn] + 〈v, x〉 + β + α

≥ lim
n→∞

[(λng)∗(vn) + αn] + 〈v, x〉 + α (1)

Note that αn ≥ 0 for all n ∈N , we have

(λng)∗(vn) + αn ≥ (λng)∗(vn), ∀n ∈N

and
lim

n→∞
[(λng)∗(vn) + αn] ≥ lim sup

n→∞
(λng)∗(vn).

Note also that for all x ∈ X,

lim sup
n→∞

[(λng)∗(vn)] = lim sup
n→∞

[sup
y∈Y

{〈vn, y〉 − λng(y)}]
≥ lim sup

n→∞
[〈vn, x〉 − λng(x)]

and

lim sup
n→∞

[−λng(x)] ≤ lim sup
n→∞

[〈vn, x〉 − λng(x)] + lim sup
n→∞

〈−vn, x〉
≤ lim sup

n→∞
[〈vn, x〉 − λng(x)] + 〈v, x〉 .
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Combining this and (1), we get

f(x) ≥ lim sup
n→∞

[−λng(x)] + α, ∀x ∈ X,

which implies that
f(x) + lim inf

n→∞
λng(x) ≥ α, ∀x ∈ X.

[(iii) ⇒ (i)] Suppose that there exists (λn) ⊂ S+ such that (iii) holds. Note that
if x ∈ X with −g(x) ∈ S then λng(x) ≤ 0 for all n ∈N . It follows from (iii) that if
−g(x) ∈ S then

f(x) ≥ f(x) + lim inf
n→∞

λng(x) ≥ α.

�

The method of proof of [(i)⇐⇒ (ii)] is similar to the one given in [9] whereas
(iii) gives a sequential condition of the Lagrangian type which yields sequential
Lagrangian duality results for (P ). In passing, observe that a sequential condition
of the type (iii) which was shown to be equivalent to (i) in the case where α = 0
in [5]. However, this equivalence yields a corresponding non-asymptotic condition
under a strong closedness condition (see the remark following Theorem 2.2).

We now see that a simple non-sequential dual characterization holds under a
general closed cone condition that the convex cone

⋃
λ∈S+ epi(λg)∗ is weak∗ closed.

This constraint qualification holds under the Robinson Regularity Condition, that
is, 0 ∈ core (g(X) + S) (see [15]), in the case where Z is a Banach space, or
the generalized Slater condition that int S is non-empty and −g(x0) ∈ int S (see
[12, 14]). The closed cone constraint qualification is weaker than the Robinson
condition. For instance, let X = Z = R, S = R+, and g(x) := 0 if x ≤ 0 and
g(x) := x if x > 0. Clearly, both the Slater and Robinson conditions do not hold.
On the other hand, since g is sublinear and it is easy to see that for any λ ≥ 0,

epi(λg)∗ = ∂(λg)(0) × IR+ = [0, λ] × R+,

and ⋃
λ∈�+

epi(λg)∗ = R2
+

is a closed subset in R2. Hence, the closed cone condition holds.

Theorem 2.2 If the system g(x) ∈ −S is consistent and the convex cone ∪λ∈S+epi(λg)∗

is w∗-closed then for any α ∈R, the following statements are equivalent

(i) g(x) ∈ −S =⇒ f(x) ≥ α,

(ii) (0,−α) ∈ epif ∗ + ∪λ∈S+epi(λg)∗.

(iii) (∃λ ∈ S+ ) (∀x ∈ X) f(x) + λg(x) ≥ α.
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Proof. By Theorem 2.1, it is clear that if convex cone ∪λ∈S+epi(λg)∗ is w∗-
closed then (i) is equivalent to (ii). Assume now that (ii) holds. Then there exist
v ∈ X ′, β ≥ 0, λ ∈ S+ such that

(−v,−f ∗(v) − β − α) ∈ epi(λg)∗.

This means that
(λg)∗(−v) ≤ −f ∗(v) − β − α,

or equivalently,

〈−v, x〉 − λg(x) ≤ −f ∗(v) − β − α, ∀x ∈ X.

The last inequality implies

f ∗(v) ≤ f ∗(v) + β ≤ 〈v, x〉 + λg(x) − α, ∀x ∈ X,

which, by definition of f ∗(v), gives us

〈v, x〉 − f(x) ≤ 〈v, x〉 + λg(x) − α, ∀x ∈ X.

Hence,
f(x) + λg(x) ≥ α, ∀x ∈ X.

We have proved (ii) implies (iii). Observe that if (iii) holds and x ∈ X with g(x) ∈
−S then λg(x) ≤ 0, and hence, f(x) ≥ f(x) + λg(x) ≥ α, which means that (iii)
implies (i). �

Note that the equivalence between (i) and (iii) of the previous Theorem was
established in [5] under the regularity condition that the set

C := {v ∈ RX : ∃λ ∈ S+ such that v(x) + λg(x) ≥ 0, ∀x ∈ X}

is closed in the product topology of RX . It is easy to see that if C is closed in the
product topology of RX then (

⋃
λ∈S+ epi(λg)∗) is w∗-closed in X ′ × R. To see this,

let ((vn, αn)) ⊂ ⋃
λ∈S+ epi(λg)∗and (vn, αn) →∗ (v, α). Then there exists λn ∈ S+

such that for each n, (vn, αn) ∈ epi(λng)∗. This condition means that

vn(x) − λng(x) ≤ αn, ∀x ∈ X,

or equivalently,
−vn(x) + αn + λng(x) ≥ 0, ∀x ∈ X.

Since (vn, αn) →∗ (v, α), vn(x) → v(x) for all x ∈ X and αn → α as n → ∞. If we
set v̄n(x) := −vn(x)+αn then v̄n(x) → v̄(x) := −v(x)+α. This means that v̄n → v̄
in the product topology of RX .
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Now, as C is closed, we have v̄ ∈ C. By definition of C, there exists λ ∈ S+ such
that

−v(x) + α + λg(x) ≥ 0, ∀x ∈ X,

or
v(x) − λg(x) ≤ α, ∀x ∈ X.

The last inequality implies that

(v, α) ∈ epi(λg)∗ ⊂
⋃

λ∈S+

epi(λg)∗.

However, in general the w∗-closedness of (
⋃

λ∈S+ epi(λg)∗) does not necessarily imply
that the set C is closed in the product topology. To see this, let X = R, S = R+,
and g(x) := 0 if x ≤ 0 and g(x) := x if x > 0. We have seen in the remark that
follows Theorem 2.1 that ⋃

λ∈S+

epi(λg)∗ = R2
+,

and this set is closed in R2 which means that the closed cone condition holds.

However, if we take vn(x) := 1
n

if x ≤ 0 and vn(x) := 1
n
−√

x if x > 0, then it is
clear that vn ∈ C. Let v(x) := 0 if x ≤ 0 and v(x) := −√

x if x > 0. We have

vn(x) → v(x), ∀x ∈ R,

which means that vn → v in the product topology of R�. Since it is impossible to
find λ ≥ 0 such that

−√
x + λx ≥ 0, for all x > 0,

x does not belong to C. Thus, C is not closed in the product topology of R� .

3 Sequential Lagrangian Duality

In this section we develop sequential Lagrangian results, including a perfect du-
ality result, for the convex program (P ). We then apply the result to obtain a
corresponding duality result for the semidefinite program (SDP ).

Sequential Lagrangian Minimax

Recall that for the Problem (P ), the standard Lagrange function is defined by

L(x, µ) = f(x) + µg(x), x ∈ X, µ ∈ S+.

The following sequential minimax equality holds for the Lagrangian function.



9

Theorem 3.1 (Sequential Lagrangian Minimax). For the Problem (P ), assume
that the feasible set is nonempty. Then there exists a sequence (λ̄n) ⊂ S+ such that

inf
x∈X

sup
(λn)⊂S+

lim inf
n→∞

L(x, λn) = sup
(λn)⊂S+

inf
x∈X

lim inf
n→∞

L(x, λn) = lim inf
n→∞

L(x, λ̄n) = inf(P ).

(2)

Proof. If inf(P ) = −∞ then it is easy to see that (2) holds for any sequence
(λ̄n) ⊂ S+. Since the feasible set of (P ) is nonempty, we have inf(P ) < +∞.

Assume that α := inf(P ) is finite. Then we have

g(x) ∈ −S, x ∈ X implies f(x) ≥ α.

By Theorem 2.1, this is equivalent to the condition that there is a sequence (λ̄n) ⊂
S+ such that

f(x) + lim inf
n→∞

λ̄ng(x) ≥ α, ∀x ∈ X,

which proves that
inf
x∈X

lim inf
n→∞

L(x, λ̄n) ≥ inf(P ) = α. (3)

On the other hand, it is clear that

sup
(λn)⊂S+

lim inf
n→∞

L(x, λn) ≥ inf
x∈X

lim inf
n→∞

L(x, λ̄n) and

inf(P ) ≥ inf
x∈X

sup
Λ⊂S+

lim inf
n→∞

L(x, λn). (4)

Note that for each sequence (λn) ⊂ S+ and for each y ∈ X, we have

f(y) + lim inf
n→∞

λng(y) ≥ inf
x∈X

{
f(x) + lim inf

n→∞
λng(x)

}
.

Hence,

sup
(λn)⊂S+

{
f(y) + lim inf

n
λng(y)

}
≥ sup

(λn)⊂S+

inf
x∈X

{
f(x) + lim inf

n→∞
λng(x)

}
.

Now by the arbitrariness of y, we get

inf
y∈X

sup
(λn)⊂S+

lim inf
n→∞

L(x, λn) ≥ sup
(λn)⊂S+

inf
x∈X

lim inf
n→∞

L(x, λn).

Combining this with (4), we get

inf(P ) ≥ inf
x∈X

sup
(λn)⊂S+

lim inf
n→∞

L(x, λn) ≥ sup
(λn)⊂S+

inf
x∈X

lim inf
n→∞

L(x, λn) ≥ inf
x∈X

lim inf
n→∞

L(x, λ̄n).

The desired equality (2) then follows from the last inequality and (3). �

In the following Proposition we derive the standard Lagrangian duality result
under the closed cone condition.
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Proposition 3.1 For the problem (P ), assume that the feasible set is non-empty.
If the closed cone constraint qualification holds then there exists λ0 ∈ S+ such that

inf
x∈X

sup
λ∈S+

L(x, λ) = sup
λ∈S+

inf
x∈X

L(x, λ) = inf
x∈X

L(x, λ0) = inf(P ).

Proof. If inf(P ) = −∞ then the conclusion of the Proposition holds for any
λ0 ∈ S+. Assume that α := inf(P ) is finite. It follows that

g(x) ∈ −S =⇒ f(x) ≥ α.

If the closed cone constraint qualification holds then by Theorem 2.2, there exists
λ0 ∈ S+ such that

f(x) + λ0g(x) ≥ α = inf(P ), ∀x ∈ X.

This implies
inf
x∈X

L(x, λ0) ≥ inf(P ).

The conclusion of the Proposition now follows by the same argument as in that of
the proof of Theorem 3.1, simply replace (λn) ⊂ S+ by λ ∈ S+ and (λ̄n) by λ0. �

We now define the sequential Lagrangian dual problem for (P ) as the
following

(D̃) max
(λn)⊂S+

inf
x∈X

lim inf
n→∞

L(x, λn).

Recall that the standard Lagrangian dual problem of (P ) is

(D) max
λ∈S+

inf
x∈X

L(x, λ).

For the sake of convenience, in what follows we use the symbols [P ], [D̃], and

[D] to indicate the values of the Problems (P ), (D̃), and (D), respectively.

As a consequence from the proofs of Theorem 3.1 (Proposition 3.1) we get [D̃] ≤
[P ] ([D] ≤ [P ]) which means that the weak duality holds for (P ) and (D̃) (for (P )

and (D), respectively). It is clear that [D] ≤ [D̃].

Proposition 3.2 For the problem (P ), assume that the feasible set is non-empty.
If the closed cone constraint qualification holds then

[P ] = [D̃] = [D].

Moreover, both the Problems (D) and (D̃) attain their maximums.



11

Proof. The conclusion that [P ] = [D̃] = [D] is a direct consequence of Theorem 3.1
and Proposition 3.1. Also, from the proof of Theorem 3.1, there exists Λ := (λn) ⊂
S+ such that Φ(Λ) = inf

x∈X
lim inf
n→∞

L(x, λn) = [P ]. By the weak duality result, (P̃ )

attains its maximum at (λn). Similarly, the Problem (P ) also attains its maximum
over S+. �

We now show that in the absence of the closed cone condition a perfect duality
relationship between (P ) and (D̃) holds.

Perfect Duality

Recall that a minimization (maximization) problem is said to be consistent if
its value is not equal to +∞ (−∞, respectively). We say that the two problems are
in perfect duality (see [1, 6]) if:

(a) when one problem has finite value, the other has the same value,

(b) when both problems are consistent, they share the same value.

The following theorem is the central result of this section.

Theorem 3.2 The perfect duality holds between problems (P ) and (D̃).

Proof. By Theorem 3.1, if (P ) and (D̃) are consistent then [P ] = [ D̃] and if [P ] is

finite then we also have [P ] =[D̃]. It remains to prove that this equality still holds

if [D̃] is finite. We will prove that if [D̃] is finite then the Problem (P ) is consistent.
The conclusion then follows from Theorem 3.1.

Suppose that (P ) is not consistent then the set A = g−1(−S) is empty. By
Lemma 1.1,

(0,−1) ∈ cl

( ⋃
λ∈S+

epi(λg)∗
)

.

So for each n ∈ N, there exist λn ∈ S+, vn ∈ X ′, αn ∈ IR such that

(vn, αn) ∈ epi (λng)∗, 0 = lim
n→∞

vn, −1 = lim
n→∞

αn. (5)

It follows from (5) that (λng)∗(vn) ≤ αn for each n, which means that

〈vn, x〉 − (λng)(x) ≤ αn, ∀x ∈ X.

Then for each x ∈ X,

lim sup
n→∞

(−λng)(x) + lim inf
n→∞

〈vn, x〉 ≤ lim sup
n→∞

[(−λng)(x) + 〈vn, x〉] ≤ −1.
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Since lim inf
n→∞

〈vn, x〉 = lim
n→∞

〈vn, x〉 = 0, we get

lim inf
n→∞

λng(x) ≥ 1, ∀x ∈ X. (6)

Let λ̄n = nλn. Then λ̄n ∈ S+ for all n ∈ N. Now by (6)

lim inf
n→∞

λ̄ng(x) = +∞, ∀x ∈ X. (7)

In fact, if lim inf
n→∞

λ̄ng(x̄) = β < +∞ for some x̄ ∈ X then we first claim that β > −∞.

By the definition of liminf, there is n0 such that for any n ≥ n0, λng(x̄) > 1
2
. So

without loss of generality we can assume that

λ̄ng(x̄) = nλng(x̄) ≥ 1

2
, ∀n ∈ N.

Hence,

lim inf
n→∞

λ̄ng(x̄) = β ≥ 1

2
> −∞.

It follows that there exists a subsequence (λ̄nk
)k of the sequence (λn) such that

lim
k→∞

λ̄nk
g(x̄) = β ∈ R.

Therefore, there is k0 ∈ N large enough such that for k ≥ k0,

|λ̄nk
g(x̄) − β| = |nkλnk

g(x̄) − β| < 1.

The last inequality implies that lim
k→∞

λnk
g(x̄) = 0. This contradicts lim inf

n→∞
λng(x) ≥

1. Consequently, (7) holds and hence,

lim inf
n→∞

L(x, λn) = f(x) + lim inf
n→∞

λ̄ng(x) = +∞, ∀x ∈ X.

This implies
[D̃] = sup

(λn)⊂S+

inf
x∈X

lim inf
n→∞

L(x, λn) = +∞.

The proof is complete. �

Semidefinite Duality

Consider the following convex semidefinite programming problem

(SDP ) minimize
x∈IRm

f(x)

subject to F0 +

m∑
i=1

Fixi � 0
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where f : Rm → R is a convex function and, for i = 0, . . . , m, Fi ∈ Sn, the space
of symmetric n× n matrices and � denotes the Löwner partial order of Sn, that is,
for M, N ∈ Sn, M � N if and only if (M −N) is positive semidefinite. We consider
Sn as a vector space with the trace inner product (M, N) := Tr[MN ], where Tr[.]
refers to the trace operation. Let S = {M ∈ Sn | M � 0} be the closed convex cone
of positive semidefinite n×n matrices. For convenience, let us denote the sequential
form of the Lagrangian for (SDP ) by

L∞(x, (Zn)) := f(x) − lim sup
n→∞

Tr[ZnF0 +

m∑
i=1

xiZnFi], (Zn) ⊂ S.

We now deduce from Theorem 3.1 that the following sequential Lagrangian duality
holds for semidefinite programs.

Theorem 3.3 For the problem (SDP ), there exists a sequence (Z̄n) ⊂ S such that

inf
x∈X

sup
(Zn)⊂S

L∞(x, (Zn)) = sup
(Zn)⊂S

inf
x∈X

L∞(x, (Zn)) = inf
x∈X

L∞(x, (Z̄n)) = inf(SDP ).

Proof. The feasible set A is defined by

A = {x ∈ IRm | F (x) � 0},

where F (x) = F0 +
∑m

i=1 Fixi. The polar cone S+ of the set S ⊂ Sn is given by

S+ = {θ ∈ Sn | (θ, s) ≥ 0, ∀s ∈ T}.

Then S+ = S and

M ∈ S ⇔ Tr[ZM ] ≥ 0, ∀Z ∈ S.

Let g(x) = −F (x). Then the conclusion follows directly from Theorem 3.1. �

For (SDP ), the sequential Lagrangian dual problem is defined as

(D̃SDP ) max
(Zn)⊂S

inf
x∈X

(
f(x) − lim sup

n→∞
Tr[ZnF0 +

m∑
i=1

xiZnFi]

)

It follows from Theorem 3.2 that the Problem (SDP ) and (D̃SDP ) are in perfect
duality.

The following example shows that the perfect duality duality holds between
(SDP ) and its sequential dual problem whereas there is a non-zero duality gap
between (SDP ) and its standard Lagrangian dual problem.
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Example 3.1 Consider the convex semi-definite Problem

(SDP1) Minimize x1

subject to

 0 x1 0
x1 x2 0
0 0 1

 � 0.

Let f(x1, x2) = x1,

F0 =

 0 0 0
0 0 0
0 0 1

 F1 =

 0 1 0
1 0 0
0 0 0

 F2 =

 0 0 0
0 1 0
0 0 0


and let F (x) = F0 + x1F1 + x2F2, x = (x1, x2) ∈ IR2.

The feasible set A of (SDP1) is

A := {x ∈ IR2 | F (x) � 0} = {(x1, x2) ∈ IR2 | x1 = 0, x2 ≥ 0}

and hence, inf(SDP1) = 0.

For any sequence (Zn) with Zn � 0, let

Φ(Z) := inf
(x1,x2)∈IR2

L∞((x1, x2), (Zn)) = inf
(x1,x2)∈IR2

[
x1 − lim sup

n→∞
Tr[(Zn)(F0 +

2∑
i=1

xiFi)]

]
.

Define the sequence (Ẑn) by

Ẑn =

 n 1
2

0
1
2

1
n

0
0 0 0

 .

Then Ẑn � 0 for all n ∈ N and Tr[ẐnF0] = 0, T r[ẐnF1] = 1, T r[ẐnF2] = 1
n
.

Therefore,

Φ((Ẑn)) = inf
(x1,x2)∈IR2

[x1 − lim sup
n→∞

(x1 +
1

n
x2)] = 0 = inf(SDP1).

By weak duality, we have

sup
Z⊂S

Φ(Z) = Φ(Ẑ) = 0 = inf(SDP1).
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Thus the primal problem (SDP1) and its sequential dual problem (D̃SDP1) have
no duality gap. However, there is a non-zero duality gap between the primal problem
(SDP1) and its standard Lagrangian dual problem (DSDP2) :

(DSDP2) max
Z⊂S

inf
x∈X

(
f(x) − Tr[ZF0 +

m∑
i=1

xiZFi]

)
.

To see this, let

Z =

 λ1 λ2 λ3

λ2 λ4 λ5

λ3 λ5 λ6

 ∈ S3.

Then TrZF0 = λ6, x1TrZF1 = 2x1λ2, x2TrZF2 = x2λ4. Thus for Z � 0,

φ(Z) := inf
(x1,x2)∈�2

L((x1, x2), Z) = inf
(x1,x2)∈�2

[−2x1λ2 − x2λ4 − λ6]

= inf
(x1,x2)∈�2

[x1(1 − 2λ2) + x2(−λ4) − λ6].

Note that Z � 0 implies λ4 ≥ 0 and λ6 ≥ 0. Consider the following possibilities:if
λ4 > 0 then it is easy to see that φ(Z) = −∞; if λ4 = 0 and 1 − 2λ2 �= 0 then we
also have φ(Z) = −∞. If λ4 = 0 and 1 − 2λ2 = 0 then∣∣∣∣ λ1 λ2

λ2 λ4

∣∣∣∣ =

∣∣∣∣ λ1
1
2

1
2

0

∣∣∣∣ = −1

4
< 0

which contradicts the fact that Z � 0. Consequently, for all Z � 0, φ(Z) = −∞
and hence,

[DSDP2] = sup
Z∈S

φ(Z) = −∞.

4 Sequential Saddle-Point Conditions

In this section we derive a sequential form of the Lagrangian saddle-point conditions
for the convex programming problem (P ).

We now consider the following sequential saddle point problem of (P )

(SP ) Find x̄ ∈ X and (λ̄n) ⊂ S+ such that

lim inf
n→∞

L(x, λn) ≤ lim inf
n→∞

L(x̄, λ̄n) ≤ lim inf
n→∞

L(x, λ̄n), ∀x ∈ X, ∀(λn) ⊂ S+. (8)

The solution set of (SP ) is denoted by sol(SP ).

A solution (x̄, (λ̄n)) of (SP ) is called a sequential saddle point of L(., .). For
convenience, we split (8) into following two systems:
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lim inf
n→∞

L(x̄, λn) ≤ lim inf
n→∞

L(x̄, λ̄n), ∀x ∈ X, ∀(λn) ⊂ S+ (α)

lim inf
n→∞

L(x̄, λ̄n) ≤ lim inf
n→∞

L(x, λ̄n), ∀x ∈ X, ∀(λn) ⊂ S+. (β)

Theorem 4.1 Let x̄ ∈ X, and let the sequence (λ̄n) ⊂ S+. Then (x̄, (λ̄n)) ∈ sol
(SP) if and only if (x̄, (λ̄n)) satisfies the following system:

lim inf
n→∞

L(x̄, λ̄n) = inf
x∈X

lim inf
n→∞

L(x, λ̄n), lim inf
n→∞

λ̄ng(x̄) = 0 and g(x̄) ∈ −S.

Proof. Necessity. Suppose that (x̄, (λ̄n)) ∈ sol (SP) then (β) implies that the first
equality in the statement of the theorem holds. It follows from (α) that

lim inf
n→∞

λng(x̄) ≤ lim inf
n→∞

λ̄ng(x̄), for all (λn) ⊂ S+. (9)

Letting λn = 0 for each n and letting (λn) = (2λ̄n) in (9), we get lim inf
n→∞

λ̄ng(x̄) ≥ 0

and lim inf
n→∞

λ̄ng(x̄) ≤ 0 . Note that lim inf
n→∞

λ̄ng(x̄) < +∞ as (β) holds for all x ∈ A.

Hence, lim inf
n→∞

λ̄ng(x̄) = 0. Now for any t ∈ S+, let λn = t for all n, we get from (9)

tg(x̄) ≤ lim inf
n→∞

λ̄ng(x̄) = 0,

which proves that g(x̄) ∈ −S.

Sufficiency. Suppose that (x̄, (λ̄n)) satisfies the conditions in the theorem. Then
(β) holds. Since g(x̄) ∈ −S, for all (λn)n ⊂ S+ we have λng(x̄) ≤ 0 and hence,

lim inf
n→∞

λng(x̄) ≤ 0 = lim inf
n→∞

λ̄ng(x̄).

Thus (α) follows. �

Theorem 4.2 (Sequential Saddle-Point Theorem).The point a ∈ A is a solution of
(P) if and only if there exists (λ̄n) ⊂ S+ such that (a, (λ̄n)) ∈ sol(SP).

Proof. Necessity. Observe that a is a solution of (P) if and only if

g(x) ∈ −S =⇒ f(x) ≥ f(a).

It follows from Theorem 2.1 that there exists a sequence (λ̄n) ⊂ S+ such that

f(x) + lim inf
n→∞

λ̄ng(x) ≥ f(a), ∀x ∈ X. (10)
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Take x = a in (10), we get

f(a) ≥ f(a) + lim inf
n→∞

λ̄ng(a) ≥ f(a),

which implies that lim inf
n→∞

λ̄ng(a) = 0. Thus (10) gives

lim inf
n→∞

L(a, λ̄n) = inf
x∈X

lim inf
n→∞

L(x, λ̄n).

By Theorem 4.1, (a, (λ̄n)) ∈ sol(SP ).

Sufficiency. Suppose that (λ̄n) ⊂ S+ is a sequence such that (a, (λ̄n)) ∈ sol(SP ).
Then by Theorem 4.1, g(a) ∈ −S, lim inf

n→∞
λ̄ng(a) = 0, and for all x ∈ A,

f(a) = f(a) + lim inf
n→∞

λ̄ng(a) ≤ f(x) + lim inf
n→∞

λ̄ng(x)

≤ f(x),

which proves that a is a solution of (P). �

Theorem 4.3 The value of the function lim inf
n→∞

L(., .) is constant over all sequential

saddle points (x̄, λ̄n) of L(., .). Moreover, if (x̄1, (λ
′
n)) and (x̄2, (λ

′′
n)) are sequential

saddle points of L(., .) then so are (x̄1, (λ
′′
n)) and (x̄2, (λ

′
n)).

Proof. Let (x̄1, (λ
′
n))) and (x̄2, (λ

′′
n)) are sequential saddle points of L(., .). Then

by definition, for all x ∈ X and all (λn) ⊂ S+,

lim inf
n→∞

L(x̄1, λn) ≤ lim inf
n→∞

L(x̄1, λ
′
n)) ≤ lim inf

n→∞
L(x, λ′

n)), (11)

lim inf
n→∞

L(x̄2, λn) ≤ lim inf
n→∞

L(x̄2, λ
′′
n) ≤ lim inf

n→∞
L(x, λ′′

n). (11′)

Let x = x̄2 and for n ∈ N, λn = λ′′
n in (11) and then x = x̄1, λn = λ′

n in (11′), we
get

lim inf
n→∞

L(x̄1, λ
′′
n) ≤ lim inf

n→∞
L(x̄1, λ

′
n)) ≤ lim inf

n→∞
L(x̄2, λ

′
n)),

lim inf
n→∞

L(x̄2, λ
′
n)) ≤ lim inf

n→∞
L(x̄2, λ

′′
n) ≤ lim inf

n→∞
L(x̄1, λ

′′
n),

which implies that

lim inf
n→∞

L(x̄1, λ
′
n)) = lim inf

n→∞
L(x̄1, λ

′′
n) = lim inf

n→∞
L(x̄2, λ

′′
n) = lim inf

n→∞
L(x̄2, λ

′
n)).

From this, (11) and (11′), we get

lim inf
n→∞

L(x̄1, λn) ≤ lim inf
n→∞

L(x̄1, λ
′
n)) = lim inf

n→∞
L(x̄2, λ

′′
n) ≤ lim inf

n→∞
L(x, λ′′

n)

for all x ∈ X and all sequences (λn) ⊂ S+, which proves that (x̄1, (λ
′′
n)) is a sequential

saddle point of L(., .). By a similar argument, (x̄2, (λ
′
n)) is also a sequential saddle

point of L(., .). The conclusion follows. �
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Corollary 4.1 Suppose that a ∈ A is a solution of (P) and (λn) ⊂ S+ is a sequence
such that (a, (λn)) ∈ sol(SP ). Then the function lim inf

n→∞
L(., λn) is constant on the

solution set of (P).

Proof. If x̄ is another solution of (P ). Then it follows from Theorem 4.2 that there
exists a sequence (λ̄n) ⊂ S+ such that (x̄, (λ̄n)) is another sequential saddle point
of L(., .). By Theorem 4.3,

lim inf
n→∞

L(x̄, (λ̄n)) = lim inf
n→∞

L(a, (λn)) = lim inf
n→∞

L(x̄, (λn)).

The corollary has been proved. �

5 Stability

Now consider the perturbed problem (Pz) of (P ) where z is in a certain neighbour-
hood of 0 in Z.

(Pz) Minimize f(x)

subject to − g(x) − z ∈ S,

The optimal value of (Pz) is denoted by F (z). That is,

F (z) = inf{f(x) | − g(x) − z ∈ S}, z ∈ Z.

We set F (z) = +∞ if the feasible set of (Pz) is empty. Note also that the function F
is convex [4]. When z = 0 then (P0) is exactly (P ). So, for the sake of convenience,
in the following we will call it (P0) instead of (P ).

The following theorem gives a relation between the sequential dual problem (D̃)
of (P0) and the value function F of perturbed Problems (Pz).

Theorem 5.1 Suppose that a is a solution of (P0). The following statements are
equivalent.

(i) ∃(λ̄n) ⊂ S+ such that

F (z) ≥ F (0) + lim sup
n→∞

λ̄nz ∀z ∈ Z,

(ii) f(a) = inf(P0) = Φ((λ̄n)) = Max(D̃),

where Φ((λ̄n)) := inf
x∈X

lim inf
n→∞

L(x, (λ̄n)) = inf
x∈X

lim inf
n→∞

[f(x) + λ̄ng(x)].
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Proof. [(i) ⇒ (ii)]. Suppose (i) holds. Let x ∈ X. Take z = −g(x) ∈ Z then
−g(x) − z = 0 ∈ S. This means that x is feasible for (Pz). It follows from (i) that

f(x) ≥ F (z) ≥ F (0) + lim sup
n→∞

λ̄nz,

which implies that (note that z = −g(x))

F (0) ≤ f(x) − lim sup
n→∞

(−λ̄ng(x))

= f(x) + lim inf
n→∞

λ̄ng(x).

It follows from this inequality that

f(a) = F (0) ≤ Φ((λ̄n)).

On the other hand, since a ∈ A, by the weak duality, Φ((λ̄n)) ≤ f(a). Thus

f(a) = inf(P0) = Φ(λ̄) = Max(D̃).

[(ii) ⇒ (i)] Suppose (ii) holds. Take any z ∈ Z. If the feasible set of (Pz) is
empty then F (z) = +∞ and (i) holds trivially.

If the feasible set of (Pz) is nonempty, take x ∈ X such that −g(x) − z ∈ S. It
follows from this and (ii) that λ̄n(g(x) + z) ≤ 0 and

F (0) = Min(P0) = Max(D̃) = Φ(Λ̄) ≤ f(x) + lim inf
n→∞

λ̄ng(x).

These two inequalities imply that

F (0) ≤ f(x) + lim inf
n→∞

(−λ̄nz) = f(x) − lim sup
n→∞

λ̄nz, (8)

and thus,
F (0) ≤ F (z) − lim sup

n→∞
λ̄nz. (9)

Note that in this case F (z) < +∞ and by (8), lim sup
n→∞

λ̄nz �= ∞, and hence, (9) is

well defined (i.e., does not have the form ∞−∞). Now, if lim sup
n→∞

λ̄nz = −∞ then

the equality in (i) holds. Otherwise (then lim sup
n→∞

λ̄nz is finite), we get from (9)

F (z) ≥ F (0) + lim sup
n→∞

λ̄nz

which means that (i) holds. �

Recall that the Problem (Pz) is called stable at z = 0 [4] if there exists a
constant k ∈ IR such that

F (z) − F (0) ≥ k‖z‖ for all sufficiently small ‖z‖.



20

The following corollary explains the relation between solutions of the dual prob-
lem and the stability of the Problem (P0) at z = 0. Note also that all the conditions
(i) - (vii) in the corollary hold with the same λ∗ which is the a standard Lagrange
multiplier for (P0) corresponding to the solution a ∈ A.

Corollary 5.1 For the Problem (P0), let a ∈ A. The the following statements are
equivalent.

(i) There exist λ∗ ∈ S+ such that

f(x) + λ∗g(x) ≥ f(a), ∀x ∈ X,

(ii) There exists λ∗ ∈ S+ such that

0 ∈ ∂f(a) + ∂(λ∗g)(a)

λ∗g(a) = 0,

(iii) There exists u ∈ ∂f(a) such that

(−u,−u(a)) ∈
⋃

λ∈S+

epi(λg)∗,

(iv) There exists λ∗ ∈ S+such that, for (λ̄n) with λ̄n = λ∗, n ∈ N,

[D̃] = [D] = inf
x∈X

lim inf
n→∞

L(x, λ̄n) = inf
x∈X

L(x, λ∗) = L(a, λ∗) = f(a),

(v) The Problem (P0) attains its minimum at a and there exists λ∗ ∈ S+ such
that

F (z) ≥ F (0) + λ∗z, ∀z ∈ Z,

(vi) (P0) attains its minimum at a and the Problem (Pz) is stable at z = 0,

(vii) (P0) attains its minimum at a and the subdifferential ∂F (0) of F at 0 is
nonempty.

Proof. [(i) ⇐⇒ (ii)] It follows from (i) that λ∗g(a) = 0. This means that the
function L(x, λ∗) = f(x) + λ∗g(x) attains its minimum on X at a. By the standard
optimality condition for convex problem we get

0 ∈ ∂xL(a, λ∗) = ∂f(a) + ∂(λ∗g)(a).

The converse is clear. The equivalence between (ii) and (iii) was established in [10].

[(i) ⇐⇒ (iv)] Assume that (i) holds. Then it is clear that λ∗g(a) = 0 and hence,

inf
x∈X

lim inf
n→∞

L(x, λ̄n) = L(a, λ∗) = inf
x∈X

L(x, λ∗) = f(a).
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By weak duality, we get

[D̃] = [D] = inf
x∈X

lim inf
n→∞

L(x, λ̄n) = inf
x∈X

L(x, λ∗) = L(a, λ∗) = f(a).

The converse is obvious. The equivalence between (iv) and (v) follows from the same
argument as in the proof of Theorem 4.1. The equivalence of (v), (vi) and (vii) was
established in [4]. �

The following example illustrates the significance of the closed cone condition.

Example 5.1 Consider the problem

(P1)
minimize −x
subject to (max{0, x})2 ≤ 0.

Let f(x) := −x and g(x) := (max{0, x})2, x ∈ IR. Then inf(P1) = 0 and a = 0 is
a minimizer of (P1).

Note that for this Problem, we have⋃
λ≥0

epi (λg)∗ = {(0, 0)} ∪ {(x, y) ∈ R2 | y > 0, x ≥ 0}.

So the condition (v) in Corollary 5.1 does not hold and hence, by Corollary 5.1, the
perturbed Problem (P1z) is not stable at z = 0. Note also that by the last equality,
the closed cone constraint qualification does not hold for (P1) either.

However, the perfect duality result (Theorem 3.2) holds and

f(a) = inf(P1) = Max (D̃P1) = [D̃P1]

where (D̃P1) is the sequential Lagrangian dual problem of (P1).

On the other hand, by an elementary calculation, we get, for each λ ≥ 0,

inf
x∈IR

L(x, λ) = inf
x∈IR

[−x + λ(max{0, x})2] =

{ −∞ if λ = 0
− 1

4λ
if λ > 0.

Thus, for the standard dual problem (DP1) of (P1), we have

[DP1] := sup
λ≥0

inf
x∈IR

L(x, λ) = 0.

So in this case [DP1] = [D̃P1] = inf(P1).
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