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Abstract

In this paper it is shown that if C' and D are two closed convex subsets of a
Banach space X and z € C' N D, then Nenp(x) = Ne(x) + Np(x) whenever
the convex cone, (Epioc + Epiop), is weak* closed, where o and N¢ are the
support function and the normal cone of the set C' respectively. This closure
condition is shown to be weaker than the standard interior point like conditions
and the bounded linear regularity condition.
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1 Introduction

Never mind the regularity condition, in a normal cone intersection formula it’s the
interior-point like condition [11, 15] which we need to avoid. The formula for closed
convex sets is not always true without a regularity condition. The purpose of this
paper is to show that a normal cone intersection formula for closed convex sets holds
under a simple closure condition that is weaker than the interior-point like conditions
and bounded linear regularity condition [3, 4, 5].
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A normal cone intersection formula states [7, 11, 4] that the normal cone of the
intersection of sets equals the sum of the normal cones of the sets. A fundamental
problem in convex analysis is to determine conditions under which the intersection
formula holds at every point of the intersection of the sets. Such an intersection
formula plays a key role in characterizing solutions of optimization problems and
constrained best approximation problems. For instance, consider the optimization
model problem

inf{f(z) | « € C N D}, (1.1)

where C' and D are closed and convex subsets of a Banach X and f : X — RU
{o0} is a proper convex function. The model problem arises, for example, in convex
programming problems [6, 14, 15|, where D = {z € X | g;(z) <0,i=1,2,..,m} and
gi’s are convex functions, and in constrained best approximation problems [9, 17],
where f(z) = ||y — z|| and y € X. It is known that if f is continuous at z* € C'N D
then x* is an optimal solution of (1.1) if and only if

0e 8f(5(3*) + NCQD(]J*), (12)

where Of is the subdifferential of f and Ngnp is the normal cone of the set C'N.D. The
significance of this characterization relies on the description of Nonp(z*) in terms of
Ne(z*) and Np(x*). If the interior-point condition that (int D) NC # @ (or its recent
generalization that the cone generated by (C'— D), cone(C — D), is a closed subspace
[13, 15, 10]) is satisfied or the bounded linear regularity condition [4, 5], when X is
an Euclidean space, is satisfied then the normal cone intersection formula

Nenp(z) = Neo(z) + Np(x), Ve e CN D,

holds. The interior-point like conditions are often restrictive in applications as for in-
stance the set D may not have interior points or the set C' may not have a point
in the interior of D. For a simple example, let C' := [0,1] and D := (—o0,0].
Then Nenp(0) = R = (—00,0] + [0,00) = N¢(0) + Np(0), and so the normal cone
intersection formula holds at « € C N D = {0}; whereas (int D) N C = () and
cone(C — D) = [0, 00), which is not a subspace. For other examples, see [4, 5].

In this paper we show that if C' and D are two closed convex subsets of a Banach
space and x € C'N D, then Nenp(x) = Ne(x) + Np(x) whenever the convex cone,
(Epioc + Epiop), is weak™® closed, where o¢ is the support function of the set C.
We give a proof using a separation theorem [8, 12]. Our closure condition is shown
to be weaker than the popularly known generalized interior point conditions and the
bounded linear regularity condition [4, 5].

2 Preliminaries

We begin by fixing some definitions and notations. Let X be a Banach space. The
continuous dual space of X will be denoted by X’ and will be endowed with the
weak™® topology. For the set D C X, the closure of D and the interior of D will be
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denoted cl D and int D respectively. If a set A C X', cl A will stand for the weak*
closure. Let cone(D) = {Az | A € R,A > 0, x € D}. The indicator function
dp is defined as dp(z) = 0 if z € D and dp(x) = +oo if ¢ D. The support
function op is defined by op(u) = sup,cpu(z). The dual cone of D is given
by DT = {6 € X' : 0(k) > 0, Vk € D} and the normal cone of D is given by
Np(x):={ve X" : op(v)=v(z)} ={ve X' :v(y—2z) <0,Vy € D} when z € D,
and Np(z) =0 when z ¢ D.

Let f : X — RU{+00} be a proper lower semi-continuous convex function. Then,
the conjugate function of f, f*: X’ — RU {400}, is defined by

fH(v) = sup{u(z) = f(z) [z € dom f}
where the domain of f, dom f, is given by
dom f={r e X | f(x) < +o0}.
The epigraph of f, Epi f, is defined by
Epif={(z,r) e X xR |z € dom f, f(x) <r}.

Note that for a set C' C X, 65, = oc.
For the proper lower semi-continuous functions f, g : X — RU{+o0}, the infimal
convolution of f with g is denoted by f @& g : X — RU{+o0} and is defined by

fogle)= inf {f(z:)+g(22)}.
The infimal convolution of f with g is said to be ezxact provided the infimum above
is achieved for every x € X. It is known (see, e.g. [19, Theorem 2.2(c)]) that if the
infimal convolution is exact, then

Epi (f @ g) = Epi f + Epig. (2.3)

Moreover, if cone(dom f - dom g) is a closed subspace then the infimal convolution
of f* and g* is exact, and f* @ ¢g* = (f + g)*. For details see [2, 19].

The conclusion of the following Lemma, which plays a useful role in our develop-
ment of a new closure condition, follows from a separation theorem.

Lemma 2.1 Let C' and D be closed convex subsets of X. Then

CND#0 <= (0,—1)¢cl (Epioc+ Epiop).
Proof. (i) Let (u,a) € (Epi oc¢ + Epi op) = Epi 65 + Epi 07,. Then there exist
v,w € X', and §,0 € R such that (v, ) € Epi 6}, , (w,0) € Epi 0f, and u = v+w,
a = [+49. So, for each x € D,v(z) < 3, and for each x € C, w(z) < 0. Now, if

x € A:=CnND then
u(z) = (v+w)(z) <B+0=a,
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which proves that (u,«) € Epi oa. This, together with the fact that Epi o4 is
weak™ closed, gives us

cl (Epi 07, + Epi 05) C epi 0a. (2.4)

If CND # 0 then clearly (0,—1) ¢ epios and so from the above inclusion
(0,—1) ¢ cl(Epi 6}, + Epi 05). Conversely, if (0,—1) ¢ cl(Epi 6}, + Epi 05) then
by the separation theorem [[8], Theorem 4.3.5] there is (z, ) € X xR, (z,«a) # (0,0)
such that —a < 0 and

w(z) +ya >0, Y(u,v) € cl(Epi §}, + Epi o).
Let £ = £. Then we have
u(—=z) —v <0, Y(u,v) € cl(Epi §7, + Epi d7) .

So, for each v € domdjy and for each w € domd¢, we have (v+ w, 6} (v) + 65 (w)) €
cl( domdjy + Epi d¢) and hence,

(v +w)(=7) = op(v) — do(w) <0.

By letting w = 0, we get v(—z) — 0}, (v) < 0, for each v € dom 4§7,. Since 0p is lower
semi-continuous,

0p(=7) = 0p (=) = sup[v(=7) = 5p(v)] < 0.

v

This implies that —z € D. Similarly, we can show that —z € C. Thus —z € CND #
0. O

3 The Normal Cone Intersection Formula

In this section we derive the normal cone intersection formula for closed convex sets.
We first obtain a key extension of the dual cone intersection formula for closed convex
cones C' and D that (C'N D))" = cl(CT 4+ D7) to closed convex sets C' and D which
are not necessarily cones. The extension, which is expressed in terms of the epigraphs
of the support functions of C' and D, then leads to a closure condition, ensuring the
normal cone intersection formula.

Lemma 3.1 Let C and D be closed convex subsets of X. If C N D # () then
Epiocnp = cl (Epioc + Epiop) .

Proof. Let A:=CND # (. Then, as we saw in the proof of Lemma 2.1 (see (2.4)),
we have the inclusion
cl(Epiop + Epioc) C Epi 04.
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To show the reverse inclusion, let (u,«) ¢ cl(Epiop + Epiog). Since A # (), it
follows from Lemma 2.1 that (0, —1) ¢ cl (Epiop + Epio¢)). So,

BN (cl(Epiop + Epiog)) =0,

where B := {§(u,a)+ (1 —9)(0,—1) € X’ xR | § € [0, 1]} is the segment connecting
the points (u, ) and (0, —1). Otherwise, there is o € (0,1) such that

(50(U, Oé) + (1 — 50)(0, —1) €cl (Epl op + Epl 0'0)

thus, (dpu, dpa—(1—09y)) € cl (Epiop + Epioe). Also {0} xRy C cl(Epiop + Epioe).
Then,

(50’&, 506!) = ((50U, (500& — (1 — 50)) + (O, 1-— 50) €cl (Epl op + Epl Uc) .

This gives us that

1
(u,a) = 5—(50u, doar) € cl (Epiop + Epiog),
0
which is a contradiction.

Now, by applying the separation theorem, there is (z, 3) € X x R, (z, 5) # (0,0)
such that
and

v(z)+v6 >0, Y(v,7) € cl(Epiop + Epioc) .

By letting 6 = 0 we get § > 0 and by letting 6 = 1 we obtain u(x) + af < 0; thus,

u(%) > «. Also, the same argument as in the proof of Lemma 2.1 leads to

—x
— e CnND.
&)

This together with the fact that u(=5") > a implies that (u, @) ¢ Epioa. O
Observe that if C' and D are closed and convex cones of X then the conclusion of
Lemma 3.1 gives us that

—(CND)* xRy =Epiocnp = cl (Epioc + Epiop) = cl [(-CT — D%) x Ry ],

and so, (CND)" =cl (CT+ D).
We now derive the main result as an application of Lemma 3.1. Note that the set
(Epi o¢ + Epi op) is a convex cone.

Theorem 3.1 Let X be a Banach space and let C' and D be two closed and convex
subsets of X. If the set (Epi o¢ + Epi op) is weak™ closed then

Vre(Cn D, NCQD(JI) = Nc(l’) -+ ND(ZL’)
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Proof. Let x € C' N D. Then, clearly Nonp(z) D Ne(z) + Np(z). To show
the reverse inclusion, let v € Nonp(z). This means that ocnp(v) = v(z), which in
turn gives (v,v(x)) € Epi ocnp. Since Epi o¢ + Epi op is weak™ closed, it follows
from Lemma 3.1 that (v,v(z)) € Epi o¢ + Epi op. Then there exist two elements
(v1,a1) € Epi o¢ and (vg, an) € Epi op such that v; +ve = v and ay + ag = v(x).
So,

v(z) = a1+ ag > oc(v1) + op(v2) > vi(x) + ve(z) = v(2),

which gives us o¢(v1) + op(v2) = v(x). Now,

= (v—v9)(z) + op(ve) —v(x) = op(v2) — Vo)
> 9(2) — va(x) = vao(z — ),

for each z € D. Thus, v, € Np(x). Similarly, we can show also that v; € N¢(z).
Hence, v € N¢(z) + Np(z). O

We now see that Theorem 3.1 leads to the sum formula for dual cones under our
closure condition. Note that if 0 € C, it follows from the definitions that No(0) =
—C.

Corollary 3.1 Let C and D be two closed and convexr subsets of X such that 0 €
C' N D and the set (Epi oc + Epi op) is weak™ closed. Then

(CN D)t =C* + D (3.5)

Proof. Clearly, No(0) = —C* and Np(0) = —D*. It follows from Theorem 3.1
that Noap(0) = Ne¢(0)4+Np(0) and hence —(CND)*T = —(C*)—(D1) = —(CT*+D™)
which readily implies (3.5). O

We also see that the known interior-point like conditions yield our closure con-
dition. Recall that core (A) := {a € A | (Vz € X)(3e > 0) such that (VA €
[—e,€]) a+ Az € A}

Proposition 3.1 Let C' and D be closed and convex subsets of X. Then the set
(Epi o¢ + Epi op) is weak®™ closed if one of the following conditions holds:

(i) (intD) N C # ()
(ii) 0 € core (C' — D),
(11i) cone(C — D) is a closed subspace.

Proof. Clearly, (i) implies (ii) which in turn implies (iii). So, it suffices if we
show that (iii) implies the set (Epi o¢ + Epi op) is weak*-closed. Indeed, if (iii)
holds then, using [19, Theorem 3.6], we get opnc = op @ o¢, with exact infimal
convolution. As a consequence of the exactness (see equation (2.3)), we have that
Epi ocnp = Epi o¢ + Epi op. Since the set in the left hand side is weak* closed, the
conclusion holds. O



The following simple example illustrates the situation where the conditions (i)
-(iii) fail; whereas our closure condition holds.

Example 3.1. Let C' :=[0,1] and D := (—00,0]. Then Neap(0) = R = (—o0,0] +
[0, 00) = N¢(0)+Np(0), and so the normal cone intersection formula holds at z € C'N
D = {0}; whereas (int D)NC = () and cone(C'— D) = [0, c0), which is not a subspace.
However, Epi o¢ + Epi op = {(z,f) € R x R| max{z,0} <t} +R; xR, =R xR,
is a closed convex cone.

For related conditions guaranteeing the closure of sum of two closed convex sets,
see [1].

4 Regularity and Closed Convex Cones

We now examine the connections between our closure condition and the bounded
linear regularity condition [4, 5] in the case where C' and D are closed and convex
cones.

Proposition 4.1 Let C and D be closed convez cones of X. Then the set (Epi o¢ + Epi op)
is weak® closed if and only if (CT + D7T) is is weak* closed.

Proof. If the set (Epi o¢ + Epi op) is weak* closed then it follows from Corollary
3.1 that (C* 4+ D*) = (C'n D)*, which is weak* closed. Conversely, assume that
C* + D" is is weak® closed. Since C' and D are closed convex cones,

—(Ct*+ D) xRy =(-C* xRy)+ (=D x Ry) = Epi 0¢ + Epi op.

Hence, if (C*+ D*) is weak® closed then the set (Epi o¢ + Epi op) is weak® closed.
O

In the case where X is an Euclidean space, we will now show that our closure
condition is equivalent to the normal cone intersection formula for closed convex
cones. Recall that the negative dual cone of a set D is given by D~ := —D™.

Proposition 4.2 Let X be an Fuclidean space. Let C' and D be closed convex cones
of X. Then the following statements are equivalent.

(1) The set (Epi oc + Epi op) is closed.
(i1) (C* 4+ DV) is closed.
(111) For each x € C' N D, Neap(x) = No(z) + Np(z).

Proof. [(i)<=> (ii)]. This follows from Proposition 4.1. [(ii) <= (iii)]. The set
C* + D" is closed if and only if C~ + D~ is closed. Now, the equivalence follows
from Proposition 4.1 and Proposition 20 of [4]. O



Recall that the pair {C, D} is said to be boundedly linearly regular [3] if for
every bounded set S in X, there exists kg > 0 such that the distance to the sets C,
D and C' N D are related by

d(z,CN D) < kgmax{d(z,C), d(z.D)},
for every x € S, where d(z,C) := inf{||x — ¢||| ¢ € C} is the distance function.

Proposition 4.3 Let X be an Fuclidean space. Let C' and D be closed convex cones
of X. If the pair {C, D} is boundedly linearly reqular then the set (Epi o¢ + Epi op)
15 closed.

Proof. Theorem 3 of [4] gives us that bounded linear regularity implies that the
normal cone intersection formula, called strong CHIP in [4], holds for closed convex
sets. Hence, the conclusion follows from Proposition 4.2. O

Note that in the case where C' and D are closed convex cones in an Euclidean
space, the condition that the set (Epi o¢ + Epi op) is closed does not imply that
the pair {C, D} is boundedly linearly regular. Indeed, it has recently been shown
in [5, Corollary 3.2] that the normal cone intersection formula may hold for certain
closed convex cones C' and D, whereas the pair {C, D} is not boundedly linearly
regular. Thus, the counter-example in IR* in Section 3 of [5] shows that the set
(Epi o¢ + Epi 0p) is closed, whereas the pair {C, D} is not boundedly linearly reg-
ular.

On the other hand, Proposition 5.16 of [3] shows that if C' and D are closed
subspaces in a Hilbert space, then (C° + D") is closed if and only if {C, D} is
boundedly linearly regular. Note in this case that (C’l + Dl) is closed if and only if
the set Epioc + Epiop is closed. This follows from the fact that Epioc + Epiop =
(C+ x Ry) + (Dt x Ry) = (C+ + D*) x Ry, where the set V* is the subspace
perpendicular to the subspace V.

Hence, if C' and D are closed subspaces in a Hilbert space, then the following
conditions are equivalent:

(i) The set (Epi o¢ + Epi op) is closed.
(ii) (C~ 4 D7) is closed.
(iii) {C, D} is boundedly linearly regular.

We end this section by pointing out that, in the particular case in which C' and D are
subspaces of an Euclidean space X, the set Epioc + Epiop is always closed, since
the subspace (C+ + D%) is always closed in an Euclidean space.



5 Conclusion and Further Research

In this paper we have shown that the normal cone intersection formula for closed con-
vex sets holds under a simple closure condition. In other words, we have established
the subdifferential sum formula [2, 4, 16], that 9(dc + dp)(x) = ddc(x) + ddp(x), for
the indicator functions of two closed convex sets C' and D under a closure condition
that is much weaker than the interior-point like conditions. The following ques-
tions naturally arise: Does the subdifferential sum formula for two arbitrary proper
lower semi-continuous convex functions hold under a similar closure condition that is
weaker than the interior-point like conditions? Is the pointwise sum of two maximal
monotone operators a maximal monotone operator under an appropriate extension of
our closure condition? The answers to these questions appear to be in the affirmative
and will be investigated in a further study.
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