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Abstract

In this work we give upper bounds for the Coulomb energy of a sequenceof well sep-
arated spherical n-designs,where a spherical n-designis a set of m points on the
unit sphere S> R3 that givesan equal weight cubature (or equal weight numeri-
cal integration) rule on S? which is exact for spherical polynomials of degree 6 n.
(A sequence of m-point spherical n-designsX on S? is said to be well separated
if there existsa constart > 0 such that for eadh m -point spherical n-design X 2
the minimum spherical distance between points is bounded from below by #—.) In
particular, if the sequenceof well separated spherical designsis such that m and
n are related by m = O(n?), then the Coulomb energy of eadh m-point spherical
n -designhasan upper bound with the same rst term and a secondterm of the same
order asthe bounds for the minimum energy of point setson S2.

Keyw ords: accelerationof convergence,Coulomb energy Coulomb potential, equal
weight cubature, equal weight numerical integration, orthogonal polynomials, sphere,
spherical designs,well separatedpoint setson sphere.
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1 Intro duction

This paper examinesthe (discrete) Coulomb (or r 1) enemy of spherical designson the
unit sphere S? RS.

Corresponding author: School of Mathematics, The University of New South Wales, Sydney NSW
2052, Australia, phone: +61 2 938 57074,fax: +61 2 93857123, email: k.hesse@unsw.edu.au

YSchool of Mathematics, The University of New South Wales, Sydney NSW 2052, Australia, email:
paul.leopardi@unsw.edu.au



2 Kerstin Hesseand Paul Leopardi

The Coulomb energyof a setof m distinct points (or m-point set) X := fx1;:::;Xmg
on S? is de ned as
1 X -
E(X):= = Xio Xjjo
i=1 j=1;j6i

where jxj denotesthe Euclidean norm (in R?®) of the vector x .

There have beenmany equivalert de nitions of spherical designssincethe original one
by Delsarte, Goethals, and Seidel [7]. The following is the most corveniert one for our
purposes.

De nition  1.1. For n 2 Ng, a spherical n-designis a nite setof points X  S?, such
that the correspnding equal weight cutature rule Qx is exact for Pn(S?), the space of
all spherial polynomials of degree up to and including n; that is, X  S? is a spherial
n-designif it satis es

Z

Qx(M = px)dt(x) forall p2 Pn(S?);
s2

where X
4
Qx(f)i= == f(); f2C(S; 1)

) Jx2X

and where ! is the Lekesguesurface measure on S?2.

Noting that a spherial n-designis also a spherial k-designfor all k 2 Ng with
k < n, wesaythat n is the strength of X if X is a spherial n-designbut not a spherial
(n+ 1)-design. By a spherial designwe mean a spherial n-designwithout specifying n.
The number jXj denotesthe cardinality of X . A spherial designof cardinality m is
called an m-point spherial design.

De nition  1.2. The spherical distance d(x;y) 2 [0; ] between two points x;y 2 S? is
the spherial angle between the two points, that is,

d(x;y) := cos *(x y);
wher x y denotesthe Euclidean inner product of x and y in R3.
Our main result is Theorem 3.1, which yields the following special case.

Theorem 1.3. Let be a s@juene of spherial designson S2, with the following prop-
erties: there exist positive constants and , suchthat, if X 2 hascardinality m > 2
and strength n, then m 6 (n+ 1)?, and the minimum spherial distance between points
of X is bounded from belowby p— . Then the Coulombenemgy of each m -point spherial
design X 2  is bounda from alove by

1 _
E(X) 6 Em2+ C(. ym¥% 2)

where the constant C(. y > 0 degendson  and , butis independentof m.
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The asymptotic behavior of the minimal Coulomb energy E;, ,

En = min E(X);
X S2Z;jXj=m

for a setof m points on S? has beeninvestigated both theoretically and numerically.
In [25, Theorem 2] and [26, Theorem C] Wagner showved that there exist constarts C;
and C, sud that

1 - 1 _
> m2+ C;m%?6 E, 6 > m2+ C,m%2  forall m> 2 ©)
In [20, Corollary 2.6] Rakhmanov, Sa, and Zhou also give a proof of the upper bound in
(3), and in [4] Brauchart provesthe lower bound in (3). Both [20, Corollary 2.6] and [4]
only verify the respective result for m > mg with mg large enough, but they obtain an
explicit value for the constart C, and C;, respectively.
Sincethe early 1990sthere have beena number of conjecturesconcerningasymptotic
behavior of the minimal energy: Erber and Hockney [8] conjectured that
1 _
Ent 5 m2  0:5510m%2; m! 1:
Rakhmanov, Sa and Zhou gave numerical evidence(see[20, (4.5)] and [21, (4.4)]) that
1 _ -
Ent 5 m?  0:55230m3% + 0:0689m**?; m! 1:

Kuijlaars and Sa [17, Conjecture 2] conjectured that

Epn = :—2Lm2 + cm32 + o(m33?); m! 1:
where I
P3 ™ 1 1
= — - L - = : A
o] 3 s > 3 5 0:5530

(Here L 3 is a Dirichlet L -function, and is the Riemann zeta function.)

Comparing these theoretical results and conjectureswith the bound for E(X) given
by the inequality (2), we nd that the leading term coincidesand the order of the second
term is the same. This might seemremarkable, since we have made no explicit attempt
to minimize the energy but instead have imposeda separation constraint and restricted
the point setsto be spherical designs.

The use of spherical designsin this work is suggestedby a correspondencebetween
energy and cubature, which is discussedin the next section.

Theorem 1.3 considersa sequence of spherical designswith the property that if
a spherical design X 2 has strength n, then the cardinality m of X is bounded
by m 6 (n+ 1)2. There is ample numerical evidenceof m-point spherical n-designs
with m 6 (n+ 1)? (up to at least strength n = 13 in [11], and up to strength n = 50
in [5]), but the existenceof an in nite sequenceof m-point spherical n-designswith
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increasingn and with m = O(n?), though conjectured for at leastten years,hasyet to be
proved. If weuse M (n) to denotethe minimum number of points for a spherical n -design,
Korevaar and Meyers [16] proved by construction that M (n) = O(n®) and conjectured
that M (n) = O(n?), and Hardin and Sloane[11] conjecturedthat M (n) 6 3n2(1+ o(1)).

The separation constraint is essetial to the result (2). Sincethe Coulomb potential
is unbounded as r approadies 0, and since spherical designscan have points arbitrarily
closetogether, the separation constraint is neededto guarantee any asymptotic boundson
the energy The separation constraint is also suggestedby a result of Dahlberg [6], which
statesthat the minimum energy point setshave this property.

The study of the potential energy and separation properties of spherical designsis
relatively recert. For example, Bajnok et al. [3] constructed a sequenceof 3-designsand
numerically evaluated the energy and minimum Euclidean distance between points for a
nite number of these 3-designs,but did not investigate the asymptotic properties of the
sequence.

2 Preliminaries

In this section we give the necessarymathematical badkground and de nitions for our
results. In particular, we describe the corresppndencebetweendiscrete energy and equal
weight cubature, de ne spherical designs,the Coulomb potential and Coulomb energy
and the separation property.

2.1 Corresp ondence between discrete energy and cubature

The following de nition of discrete energywill be usedin this paper.

De nition  2.1. For apoint set X = fx1;::::Xxmg S?, the discreteenergyof a potential
v de ned on (0; 2] is given by the linear functional

11X X . .
Ex (v) = > v(jXi X)),
i=1 j=1;j6i

and the discreteenergyof a function f denedon [ 1;1) is givenby the linear functional

1 X0 X
Ex(f) = 3 foxi %) @
i=1 j=1;]6i
We obsene that
) . P p 5
X yi= (x y) (x y)= 2 2xy forx;y2S* (5)

Thus, given a potential v on (0; 2], we can de ne a corresponding function f, on [ 1;1)

by b
fv(z)=v 2 2z ; sothat fv(x y) = v(ix Vvj); (6)
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and corversely given a function f on [ 1;1), we cande ne a corresponding potential v
on [0;2) by
r2
vi(r) =f 1 > ; so that vi(jx  yj) = f(x vy):

We then have
Ex(v) = Ex(fy) and  Ex(f)= Ex(v): (7)

We can now set out the correspondence between discrete energy and equal weight
cubature.

if we de ne the functions f; : S2! R by fi(y) := f(x; y), for i 2 f1;::::mg, we can
expressthe discrete energyof f for the point set X as

XX m
Ex(f)zé f(xi xj) Ef(l)
i=1 j=1
XX m
=3 fig) 1)
i=1 j=1

We can now usethe equal weight cubature rule Qx de ned by (1) to expressthe energy
as

xXn
Ex(f)= 200 Qx(f) D1
i=1

By a suitable change of coordinates, we can show that for any y 2 S?, we have
Z Z,
f(x y)dl(x)=2 f (z) dz:
s2? 1

If we de ne the error term R(X;f) by

0 4
ROGH = 500 Qx() _i(9d ()
i=1 s?
4
~1m m2 =1 .
=51 Qx (fi) a lf(Z)dZ,

i=1
then we obtain the represermation
m2 %1 m
Ex(f)= — f(z)dz —f(Q)+ R(X;f):
4 4 2

In particular, if X is a spherical n-designand if p 2 Py([ 1;1]), where Po([ 1;1]) is
the spaceof all polynomials on [ 1;1] of degree6 n, then R(X;p) = 0, and
m? Z1 m
Ex(P)= - P(@)dz  Zp(2): ®)
1
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Therefore, for a spherical n-design X , if we can expressa potential v on (0;2] as
viy xj)=fy(x y)=px y)+akx y);
where p is a polynomial of degreeat most n, then we have
Ex (v) = Ex(fv) = Ex(p) + Ex (9):
From (8) we can compute Ex (p) exactly. Thus if we can bound Ex (q), we can bound
the energy Ex (V).
2.2 The Coulom b potential and the Coulom b energy

In this section we de ne the Coulomb potential and describe the Coulomb energy of a
point seton S?. The Coulomb potential is de ned by V(r) := r 1. In this paper we use

the corresponding function = y,dened on [ 1;1) by
(2= Pt
' 2 2z

By (5) we have ( x y) = V(jx yj) for x;y 2 S2.

De nition  2.2. The Coulomb energy of a nite point set X = fx4;:::;xmg S? is
de ned by
X X -
E(X):= Ex(V) = > Xioxj) o
i=1 j=1;j6i

From (6) and (7) we also have

X
E(X) = Ex() = 5 (xi %) ©
i=1 j=1;j6i

This last represeration is the starting point for the proof of our main result, which is
givenin Theorem 3.1.

2.3 Spherical designs and the separation prop erty

The rest of this sectionis dewoted to spherical n-designsand the separation property.

As we explain in Section5, it is possibleto construct an in nite sequenceof spherical
designs,with increasing strength, where the minimum distance between points decreases
arbitrarily rapidly. Thusthere can be no asymptotic upper bound on the Coulomb energy
of a sequencef sphericaldesignswithout somefurther constraint of the minimum distance
betweenpoints.

Therefore we restrict our attention in this work to sequence®f sphericaldesignswhich
are well searated. By this we mean the following:
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De nition  2.3. We saythat a squen®  of spherial designsis well separatedor that
has the separation property, if there exists a spherical separationconstart > 0 such
that for each m -point spherial design X = fxq;:::;Xmg2 , whete m > 2, the spherial

d(xi;xj)>pﬁ foralli;j 2 f1;:::;mgwith i 6 j: (20)

Instead of the spherical distance, we could equivalertly use the Euclidean distance
jX yj and a Euclidean separation constar.

3 An upper bound for the Coulom b energy of a spherical
design

As stated in the introduction, Theorem 1.3 is a special caseof our main result, Theorem
3.1, givenbelon. Theorem 3.1 givesupper boundsfor the Coulomb energyof ead spherical
designof a sequencewith the separationproperty, with no assumptionson the relationship
betweenthe number of points m and the strength n of ead spherical design. Theorem
1.3 follows from Theorem 3.1 by imposing the additional assumptionm 6 (n + 1)2.
The proof of Theorem 3.1 requiresseeral lemmas,which we state in this sectionbefore
we give the proof of the theorem. The proofs of the lemmasare deferredto Section 4.

Theorem 3.1. Let be a sequene of spherial designson S? which is well-separated
with spherial semration constant . Then the Coulomb energy E(X) of each spherial
design X 2 of cardinality m and strength n is bounded from alove by

mn+ (n+2) 1 m? ‘e mo4
2n+ 3 22n+3 ~ (n+ 132

1 1

E(X)6 =m? = 11

(X)6 ;m? 2 (11)

The constant ¢ > 0 dependson the seration constant , but is independent of m and
n.

We now use Theorem 3.1to prove Theorem 1.3.

Proof of Theorem 1.3. Any sphericaldesign X 2  of cardinality 1 hasa Coulomb energy
of zeroand sotrivially satis es (2).

Now considera spherical design X 2  of cardinality m > 2 and strength n. The
assumptionm 6 (n+ 1)? implies

n+ 1> 1=2 ml=2;
and from (11) in Theorem 3.1 we have
1 I1min+1)(n+2) 1 m? a a
E(X)6 Zm? = - +c Fm32
( ) 2 2 2n+ 3 22n+ 3 (12)
6 }m2+ c 3% m32

2
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which yields (2) with C(. y=c¢ 3. This concludesthe proof.

Remark. In the proof of Theorem 1.3 we have left out the secondand third term in the
secondline in (12), sincethey are negative. As thesetwo terms are, due to the assumption
m6 (n+ 1)?, of the order m3 they can be usedto improve the value of the constart
C(. ). In particular, when m = (n + 1)?, we have

1 1 4 -
E(X)6 Em2 Em3‘2+ c m3%

sowecanset C. y=c¢

Nl

3.1 Lemmas needed for the pro of of Theorem 3.1

For the proof of Theorem 3.1 we needseweral lemmas.

In this work Py denotesthe Legendrepolynomial of degreek 2 Ny, and Pk(; ) is the
Jacobi polynomial of degreek 2 Ng with indices > 1 and > 1, asdened in [24,
Chapter I1, 2.4, and Chapter 1V]. The Legendrepolynomial Py is the Jacobi polynomial
Pk(o;o) with indices = = 0. The Jacobi polynomials P,f; ) satisfy the orthogonality
relation

Z,
lpk(; )Pl Y2)(@ z) 1+2) dz=0  8k; 2 Nowith k6
Of particular interest for this work are the Legendre polynomials Py and the Jacobi
polynomials Pk(l;o). Both assumetheir maximum at z = 1, more precisely we have
iP(2)j 6 Pe(1) = 1 and P (z)j6 PEO(1) = k+ 1 forall z2 [ 1;1].
In the following we also usethe Pochhammer symbol, de ned by

Y 1
(X)o:= 1 (X)n = (x+ k) forn2 N:
k=0

The rst lemma(Lemma 3.2below) splits the function ( z) = % into a polynomial

part and a remainder. This split is basedon the expansionof a function relatedto  in
a Legendreseries,as we will seein the proof in Subsection4.1.

Lemma 3.2. For z2 [ 1;1) and n 2 Ng
(2) = sa(2) + tn(2); z2[ 11) (13)
where s, is a polynomial of degree n, given by
X k+1 :
(@)= o PCU@ 22 L1 (14)
kK+3,

k=0 2



The Coulomb energy of spherical designson S2 9

and whee t, := a, + b,, with a, and b, given by

n+2 Pna(2),

an(z) = Ty % 1 ; z2 [ L1 (15)
R k+3 P2

h(z) = 2 ; z2[ 1;1): (16)
k=n+2 2 k % 3 1z

The equality (13) is pointwise on [ 1;1), and the series b, convemes absolutely and
uniformly in every closal interval contained in [ 1;1).

We split o the polynomial term s, becausewe can usethe expression(8) to obtain
its energy exactly, and becausethe “tail' t, and its corresponding energyare ‘'small', in a
sensewhich is elaborated in the lemmashbelow. This splitting is one of the main ideas of
the proof of Theorem 3.1.

The next lemma givesan estimate for t,, onthe openinterval ( 1;1), and the subse-
quert lemma estimatesthe cortribution of t, to the energysum.

Lemma 3.3. For 2 (0; ) the function t,, as dened in Lemma 3.2, satis es the

estimate
1=2

jtn(cos )j 6 g 2 (n+ 1) 32 (sin ) 52 (17)

Lemma 3.4. Let be a well semrated sequene of spherial designswith spherial se@-
ration constant . For a spheri@l design X 2  with cardinality jXj = m and strength

n, the estimate
9=4

is valid, where the constant ¢ > 0 dependsonly on the semration constant

Ex(th) 6 C (18)

The proof of Lemma 3.4 requires the following three lemmas. The rst of thesegives
an upper bound on the number of points of a point set X which can at most lie in an
arbitrary spherical cap S(x; ) of certer x 2 S? and angular radius 2 (0; ]. Sud a
spheria@l cap is de ned by

S(x; )= y28S? d(x;y)6

the minimum spherial distance between points is boundal from belowby = 2 , that is
minfd(xi;x;)ji;j 2f1::;mgwithi 6 jg> (29)

Then jX \ S(x; )j, the numker of points of X which lie in the spherial cap S(x; ) with
center x 2 S2 and angular radius ,where 6 6 =2, is boundel from alove by

3 2
X\ S(x; )j6 T 2 (sin )% (20)
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The next lemma gives an upper bound on the spherical separation constart for point
setson S2.

Lemma 3.6. If X is an m-point subsetof S2, with m > 2, suchthat the minimum
spherial distance between any two distinct points of X is p—, then

6 pﬁ:

A set consisting of two antipodal points of S? attains this bound.
The next lemma puts an upper bound on the strength of a spherical designon S?2.

Lemma 3.7. If X is an m-point spherial n-designthen

n+ 16 ZpE: (21)

Note that (21) in Lemma 3.7 tells usthat for anin nite sequence of sphericaldesigns
of cardinality m and strict monotonically increasingstrength n, the cardinality m canat
best be of the order n?. It is yet unknown (seeSection 1) whether this order is achieved.

Lemma 3.2is inspired by similar splitting lemmasin [12] and [13]. The papers[12] and
[13] investigate the asymptotic behavior of the worst-casecubature error in the Sobolev
spaceH $(S?), with s> 1, of anin nite sequenceof cubature ruleswith increasingdegree
of polynomial exactness.and with a regularity property. The worst-casecubature error in
HS$(S?) hasarepresenation which is essetially a double cubature sum applied to a kernel
which is closely related to the reproducing kernel of H$(S?). In [12] and [13], there is a
lemma similar to our Lemma 3.2, which splits this kernel into a polynomial part which
is integrated exactly by the double cubature sum, and a remaining part which can be
estimated. The proof of the estimate of the energy Ex (t,) in Lemma 3.4 usestechniques
similar to those usedin [12] and [13] to deal with the double cubature sum applied to the
remaining part.

We can use similar techniques for the estimation of the asymptotic behavior of the
energy of a well separatedsequenceof spherical designsand for deriving upper bounds of
the worst-casecubature error becausein both caseswve work with cubature rules that are
exact up to a certain degreen.

We can now give the proof of Theorem 3.1.

Proof of Theorem 3.1. If the spherical design X 2 consists of only one point, then
E(X) = 0. Sincea spherical designof cardinality m = 1 hasstrength n = 0, the right
hand side of (11) is in this case

mn+ 1)(n+2) 1 m? mo9=4 1

1, 1 ‘e _
2n+ 3 22n+3  (n+ 1372 2

m 1
2 2

+C =cC:

NI =
Wl

NI
WIN

In this casethe inequality (11) becomesc > 0, which is automatically satis ed. Thus,
in the remainder of the proof we assumethat X 2  hascardinality m > 2.
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Using (13) in Lemma 3.2, we split  into a polynomial part s, and a ‘well behaved'
tail t,. Correspondingly, we now split the energy (9) into two parts,

E(X) = Ex (sn) + Ex (tn): (22)

The function s, de ned in Lemma 3.2 by (14) is a polynomial of degreen. Since X is
a spherical n-design,we can usethe expression(8) to obtain the energy Ex (sn) exactly.
From (8), we have

m?2 Z1 m
Ex (sn) = T lsn(z) dz Esn(l):
We now replace s, by its de nition (14) to obtain
YA 1
k+1 “1 . X 1 +1
s(2)dz= —— > PO dz= — =210 (29
1 k:02k+§2 1 k=0 k+§2 n+s3
where we used (see[9, p. 284, (2)])
Z 1
(1;0) - 2.
1Pk (z)dz 1
Also the identity P{M(1) = k+ 1 (see[24, (4.1.1)]) gives
X k+1 . X k+1)2 _ 1(n+1
sn(1) = 2 k+ L Plgl'o)(l) = 2( K + 1) = 5( + 3)2: (24)
k=0 22 k=0 22 n+3

The two summation identities which have beenusedin the last step in (23) and (24) are
easily proved by induction. Substituting bad into the expressionfor Ex (sn), we obtain

mZn+1 m(n+ 1),

2 n+3 4 n+%
, (25)
-1l m Im(n+ 1)

2
1
) 4n+3 4 n+3

Ex (sn) =

Nl

The estimate (18) from Lemma 3.4 gives
9=4

Ex (tn) 6 C m:

(26)

We thus obtain from (22), (25), and (26) the estimate

Im(n+1), 1 m? ‘e mo4
2 2n+3  22n+3  (n+ 132

1
E(X) 6 Em2

wherethe constart ¢ is given by (51) from the proof of Lemma 3.4.
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4 Pro ofs of Lemmas

In this sectionwe prove Lemmas3.2to 3.7.

4.1 Proof of Lemma 3.2

Before giving the proof of Lemma 3.2, we presert someof the underlying ideas.

We start by noting that  isin LY( 1;1]) andin C([ 1;1)) but notin L?( 1;1])
or C([ 1;1]). The Legendrepolynomials are a complete orthogonal system of cortinuous
functions for L?([ 1;1]) (see[23, Chapter |11, Section 9] and [24, Chapter Il, 2.4, and
Chapter 1V]). Because isin L1([ 1;1]), the coe cien ts of the formal Legendreseries
for arewell de ned. We now determine the formal Legendreseriesfor  and examine
it for corvergence.

For f 2 LY 2;1]) and g2 C( 1;1]), we de ne the bilinear form

Z 1
h;gi:= f(2) 9(z) dz
1

If f and g areboth in L2( 1;1]), this coincideswith the L2 inner product. The formal
Legendreseriesfor  is then

3
s() = PRP
k=0
where the Legendrecoe cien ts are given by
h ;Pki .

b(k) =
)= 5

As a consequencef [9, p. 284, (2)] we have

h ;Pki = ! 1
K+ 5
We also know from [24, (4.3.3)] that
hPy; Pyi = 1 27)
k, Fkl = k + %1

SO l@ k) = 1, and we have the formal Legendreseries

b3
S() = Pk:
k=0

The formal Legendre seriesexpansionof is a long known result, basedon results of
Neumann and Stieltjes and with a proof by Fejer as described in Sansone[23, Chapter
[11, Section 15]. Sansonegivesa proof of uniform corvergencefor this seriesin any closed
interval contained in ( 1;1), basedon Hobson's equicorvergencetheorem [23, Chapter
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I11, Section14], [14, pp. 388{395],[15], but Sansonedoesnot give an estimate of the rate
of convergenceof S() . In fact, this seriescorvergestoo slowly for our purposes.

To acceleratecorvergence,we use a known method of approximation of an integrable
function f , which replacesthe series S(f) with a serieswhich has faster corvergence
at the expenseof a higher order of singularity as z approaces 1. This technique was
employed in 1954 by Yennie, Ravenhall and Wilson [27, p. 505]and is sometimescalled
"YRW resummation' [1].

We apply YRW resummationto . Thus instead of expanding into the formal
LegendreseriesS( ), wedene w(z) ;=1 1z, andexpandw , where

r
1 z

w)2=Q 29(2= 5

into the formal Legendreseries

R
sw) = (w) (WP (28)
k=0
with WP
- Pkl
) (0= 5T
and examine (28) for convergence.We then usethe seriesexpansion
_Swyzy_ 1%
WO(2)= =57 7 ) (P (29)

k=0

as a represenation of

The function w is cortinuouson [ 1;1] and hencein L2([ 1;1]). This meansthat
the seriesS(w) asde ned by (28) corvergesto w in the L? sensesincethe Legendre
polynomials form a complete orthogonal systemfor L2([ 1;1]). To prove Lemma 3.2 we
needto examine S(w) with respect to pointwise and uniform cornvergence.As a result
of [9, p. 284, (2)] we have

1
hw ;Pyi= @———
2k 1,
Using (27) we have
k+ 1
) (= —2—
2k 33
and therefore
k+ 1
S(w)( 2) = >k LI Pk(2): (30)
k=0 i 3

The simple estimate jP(z)j 6 1 for z 2 [ 1;1] (see[24, (7.21.1)]) now implies that
the seriesS(w) corvergesuniformly and absolutely on this interval. Sincethe uniform
limit and the L? limit have the sameLegendrecoe cien ts they coincidein the L2 sense.
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Furthermore w and the uniform limit are both continuouson [ 1;1], and therefore we
conclude that they are identical: the series S(w) corvergesuniformly to the function
w

Now that we have a well behaved series,we can concerrate on splitting o an appro-
priate polynomial s,. We usethe identity

@ 2Pz = P(2) Pwa(2); k2 N (31)

(see[24, (4.5.4)]) and summation by parts to derive the following lemmaon nite Legendre
sums.

Lemma 4.1. For any seqquen@ (Un)n2n, R, wehave
Xt X (1;0)

Uk Px(2) = Vh+1 Pr+1(2) + (1 2) vk P, (2);

k=0 k=0

where

Proof. We have ug = vg and ux = v v 1 for k> 0. Therefore, with the help of (31),

K1 K1
Uk Pk(z) = voPo(z) + (v  Vk 1) Px(2)
k=0 k=1
K1 xo
= vgPo(2) + Vk Pk (2) Vi Pk+1(2)
k=1 k=0

xX
Vh+1 I:>n+1 (Z) + Vi Pk(z) Pk+1 (Z)
k=0

X (1;0)
Vn+1 Pns1(2)+ (1 2) vk P (2):
k=0

This concludesthe proof. O

After thesepreparations we can now prove Lemma 3.2.

Proof of Lemma 3.2. From (29), the discussionof the corvergenceof S(w) , and (30),
we havefor z2 [ 1;1),

Sw)(z) _ 1 *  k+

(9=wWO(D= T2 = 175 5%

Pk (2):

Nl (NI

3

We can now split W() into a partial sum and a well behaved tail.

W() = Wiy () + WO ()
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where
1 Xt ok+d
Win+) O 2) = — Pu(2);
(n+1) 1
1 z oo 2 k 3,
R k+ L
W(n+1) ()( Z) = 21 zk(Z):
k=n+2 2 k 23 z

We seethat W(*D ()( z) = by(z) where b, is de ned by (16).
We now apply Lemma4.1to W,.1)() to split a polynomial from the partial sum,

! !
L. ! . !
oy O( 2= o tE Pea@ X td gy,
=0 23 k=0 =0 23
_ n+2 Pua@ X k+1 P 5
2n+3, 1 2 I(=02k+%2"
= an(2) + sn(2);
where we have usedthe identity
X+l n+a
=0 2 % 3 2 n+ % 2

in the secondstep. So,we have ( z) = sp(2) + an(z) + b, (2) pointwiseon [ 1;1). The
uniform corvergenceof b, on ewery closedinterval contained in [ 1;1) follows from the
uniform cornvergenceof S(w) on [ 1;1].

Remark. The function  isin the weighted L2 spacelL?(w;[ 1;1]) with weight function

w(z) = 1 z, and the Jacobi polynomials P,El;o), k 2 Ng, are a complete orthogonal
systemfor this space.Using [9, p. 284, (2)] and [24, (4.3.3)] it is possibleto show that s,

is the partial sum up to degreen of the Jacobi seriesexpansionof  with respectto the
Jacobi polynomials Pk(l;o), k 2 Ng. We could have usedthis orthogonal expansionas the

basisof an alternative (but not easier)proof of Lemma 3.2.

4.2 Pro ofs of remaining lemmas

Proof of Lemma3.3. To estimate jt,(cos )j for 2 (0; ), we start with

jtn(cos )j 6 jan(cos )j + jbn(cos )j; 20 ), (32)
and then treat ead term on the right-hand side separately
We use Antonov and Holsevnikov's sharpenedBernstein inequality (see[2], [1§], [19])

. .2 1 L
jPk(cos )j<  — k + > (sin ) for 2 (0; );
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and the estimate

1 1+cos
1 cos  (sin )2

6 2(sin ) 2 for 2(0; ):

Theseresult in the estimate

P (cos ) g 12 1 ¥, N
T cos < = k + > (sin ) for 2 (0; ): (33)

Using this estimate we obtain, for 2 (0; ),

n+ 2 Pn+1(cos )

jan(cos )j 6

3
2 n+ 59 1 cos
g ¥ 3 ¥ on+2 o,
= + = _ - 34
6 n > 2n+% (sin ) (34)
2
1=2
6 = (n+1) *2(sin ) %2

We use (33) again to estimate b,(cos ) for 2 (0; )

. k+1  Py(cos)
jbn(cos ); 6 2
=ns2 2 K 34 1 cos
1=2 )4 1 1=2
6 o (sin ) °% Kkrz 2
k=n+2 2k 3 3
1=2 M
6 E (Sin ) 5=2 k 5=2 (35)
k=n+2
1=2 Z,
6 = (sin ) 532 t 52 dt
n+l
1=2
6 % 2 (n+ 1) 32 (sin ) 2

Combining (32), (34), and (35), we obtain the estimate (17) for 2 (0; ).

Proof of Lemma 3.4. By de nition (4) we have

1 X0 X
Ex (th) == 3 th(Xi Xj): (36)
2i=l j=1;j6i

If m= 1 then the inner sumin (36) is empty, thus Ex (tn) = 0, and (17) is automat-
ically satis ed. In what follows, we can therefore assumethat m > 2.
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Let now m > 2. The separation property (10) then implies that
— 6 37
We split the inner sumin (36) into a sum over all points in the northern hemisphere

with respectto x; asnorth pole and a sum over all points in the corresponding southern
hemisphere. The equator is arbitrarily included in the northern hemisphere. Then

Ex(tn) = E"+E ; (38)
where
1 X0
E =3 (Hi )(xj) talXi Xj);
i=1 j=1;j6i
with
H = x2S% 06x x61 ;
H, == x2S%> 16x x<0 =S%nH;

the closedsphericalcap S( x;; ), where

= (M=

and a sum over the remaining points in H; . From (37) we have 6 5. Thus
E =D +R ; (39)
with the in-cap corntribution

1 X0 0
D =5 S( xi; )\ Hy (X)) ta(Xi Xxj);

i=1 j=1;6i
and the out-of-cap contribution

10 0

R = H, nS( xi; ) (Xj) ta(Xi Xxj):

2 |
i=1 j=1;]6i

It remainsto estimate D and R . First we examinethe in-cap part D
We have D* = 0, since (due to the separation property) there are no points of the
point set X in S(x;; ) other than x; itself, and x; is excludedfrom the sum.

points of X in S( xi; )\ H, , and becauseof the separation property (10) there are at



18 Kerstin Hesseand Paul Leopardi

most two such points. If there are two points in the sphericalcap S( X;; ) they are on
the boundary opposite eac other along a diameter. Because 2 (0; 5] we know that for
ead point x; 2 S( Xi; )\ H;, wehave x; Xx; < 0. Becausethis is well away from the
singularity of t, at 1, we canusethe de nitions (15) and (16) of a, and b, from Lemma
3.2, with jP(z)j 6 1, to estimate jtn(X; X;)j. For ead point xj 2 S( X;; ) we have

jtn(Xi Xj)j 6 jan(Xi Xj)j+ jbn(Xi Xj)j
n+ 2 b3 k +

- 4 - ¢
3
2n+22 I(=n+22k

NI (NI

(40)

=(+1) %

1
D 6 - = : 41
: (41)

Now we examinethe out-of-cap part R . With the estimate (17) for t, from Lemma
3.3, we canestimate R as

5 X
R 6 pp=(n+1) 32 R ; (42)
32 i=1
with
X ; 5=2
R, = Hi nS( xi; ) (x5) (sin ) > (43)
j=1;j6i
where i 2 [0; ] is determined by cos i = XioXj, i;j = 1;:::;m. Note that in the
sum R; in (43) we only court points for which ; isin (; 5], sincewe only court points

in the forward hemispherewith respectto x; without the sphericalcap S( x;; ). (To
obtain (43) from (17) we have also made useof sin = sin( ) for 2 [0; ], andthus
sin J =sin j )

De ne the courting function g; :[; 5] ! R which courts the number of points X;
which lie in H; \ (S( xj; )nS( Xi; )), by

xn
g ()= H, \' S( xi; )nS( xi; ) (Xj):
j=1

Then g ( ) = 0, and g is monotonically increasingand therefore of bounded variation.
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Also, for 2 [; 5] dene h( ):= (sin ) °%2. This function is cortinuousand strictly
monotonically decreasing,and therefore we can expressR; as a Riemann-Stieltjes inte-
gral, asin Reimer [22],

Z o
R, = h( )dg ( ):
Integration by parts gives
Z o
Rizhzgi > h()g () g ()dh()
SZ =2 (44)
- ; 7=2 .
=g E+E g ()(sin ) cos d:

Since g; counts points of X , we know that g, (5) 6 m. From (20) of Lemma 3.5 we
have, for 2 [; 5], the estimate

g ()6 372 2(sin )% (45)

Thus, using (45) to estimate g, in (44), we obtain

15 2 z =2
R 6m+ (sin ) *2cos d
5 2 h i —
= —— (sin ) (46)

4
152 _
m+ (sin ) ¥2 1 :

With the estimate h
sin > 2— 2 0= ;
1 12 1

we can eliminate the sine function from (46). Thus
r__

15 2
R, 6 m+ 12 5 1
We now substitute 2 = p=to obtain
r _
15 2 _
Ry 6m+— m™ — 1 m
5=2 2
6 15 — m>™+ 1 15 — m (47)

5=2

6 15 — m>4:
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In the last step we have used Lemma 3.6 to bound , which makesthe secondterm in
the secondline of (47) negative.
Combining (47) with (42) yields

25 2 m9=4
R 6 P55 (n+ 12 (48)
The equations and estimates(38), (39), (41), and (48), together with D* = 0 yield
P~ -
25 2 2 m¥t m
Ex (tn) 6 (49)

+ :
52 (n+1)%2 n+1

We can now eliminate the secondterm of (49) by increasingthe constart in the rst
term. Using (21) from Lemma 3.7 and recalling that m > 2, we have

m%4  m5 m o, m=4 m Pz m
(n+1)32 (n+1)2n+1" “(n+1)2n+1 n+ 1

Thus,
m 1 m9=4
6 p=————: 50
n+ 1 2 (n+ 1)332 (50)

Using (50), we can simplify our estimate (49) into the nal form

m9=4
EX (tn) 6c (n+ l)3=2’
with the constart ¢ given by
p_
2522 1
c = ==t p—z: (51)

This concludesthe proof.

Proof of Lemma 3.5. The spherical separation (19) puts a bound on the number of points
within a sphericalcap. It is equivalent to a result on spherical cap pading in the following
sense.

First we obserne that m > 2 implies that 6  and hencethat 6 . As the
minimum spherical distance betweenpoints of X is boundedfrom belov by = 2 , eah
point is cortained in a sphericalcap of angular radius , and the capsdo not overlap. This
implies that for a spherical cap S(x; ), of angular radius 2 (0; 5] and certer x, the
number of points of X within this spherical cap is bounded from above by the number of
spherical capsof angular radius  which can be padked into the sphericalcap S(x; + ).
The total areacovered by thesesmall spherical capsof angular radius  is bounded from
above by the area jS(x; + )j.
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For any x 2 S?, it is well-known that the areaof a sphericalcap S(x;r) for r 2 [0; ]
is given by

. . . r 2
iS(x;r)j=2 (1 cosr) =4 smE ; (52)
where the secondequality is a trigonometric identity. Thus,
2 (1 cos)jX\S(x;)j62 (1 cod + ));
or equivalertly
. .1 coq + )
X\ S(x; )j6 ———=: 53
j (x; )i 1 cos (53)
From the trigonometric identities, the estimate
sy, 22 P35
sin—- > —= ——= —
2" 4 2 2
and the estimates sin 6 sin and 1+ cos > 1for 6 6 5 weobtain
1 cog + ) _cos cos(+)+1
1 cos 1 cos
_cos (1 cos) N sin  sin 1
1 cos 1 cos
cos (sin )? sin  sin
= . 5+ X >+ 1 (54)
2(1+ cos ) siny 2 siny
2 cos (sin )2+ 2sin sin 1
4(1+ cos ) 2 42
2(sin )? 2 (sin )?
6 12 42 + 1
The last term in (54) can be estimated by
sin )2 _ (sin )? 2 (sin )?
_(sin )% (sin )2 ?(sin )2 (55)

~ (sin )2 (sin )2 42

where we have usedthe estimate sin > sin > 2—, since 6 6 5. Combination of
(53), (54), and (55) yields

3 2
X\ S(x; )j6 T 2 (sin )%

This completesthe proof.

Proof of Lemma 3.6. The maximum spherical distance betweenany two points of S? is
, Which is attained by two antip odal points. For X consisting of two antip odal points,
we have

pﬁzp—éz ;
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P

sothat = = 2.

For the generalcasewe use an area argumert similar to that in the proof of Lemma
3.5. As the minimum spherical distance between points of X is = (m) = p=6
ead point is cortained in a spherical cap of angular radius = (m) = =, where

6 -, and the capsdo not overlap. For a set X corntaining m > 2 points of S?, the
total area of these spherical caps must not exceedthe area of S?. Thus, using (52), we

must have )

m4 sin-= 64 ;

2
that is,
sin- 6 1.
2 ° Py
Since 5 2 (0; 7], we must have
_ sin 4 P3
sin; > - = —
7z 2
and so p_
2 1
— 6 p—=
Substituting = = yields
2 6
PwOPw

andso 6 pi.

Remark. For m > 3, L. FejesToth [10] statesthat the minimum spherical distance (m)
of m points on S? satis es the inequality
0 1
cot - 1
(m)6(m)::cosl% mze X

and that this bound is attained for m = 3;4;6;12 and is an exact asymptotic estimate as
m ! 1 . This estimate should give a tighter bound on  than Lemma 3.6.

Proof of Lemma 3.7. The boundsgivenin [7, Theorem 5.11, Theorem 5.12]imply that
m> (k+ 1)° > %(n + 1)%; for n = 2k; and
m> (k+ 1)(k + 2) > %(n+ 1)%; forn= 2k + 1

P

Thusn+16 2 m.
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5 The separation prop erty is necessary

It has beenknown sincethe original paper of Delsarte, et al. [7] that any disjoint union
of spherical n -designsis a spherical n-design. This leadsto the following classi cation of
spherical n-designs.

Compound. A disjoint union of two or more spherical n-designs.

Degenerate.A cubature rule with lessthan m points, whereead weight is a positive
integer multiple of 4 =m, which canbe consideredasan m point spherical n-design
with a number of coincidert points.

Simple. Neither compound nor degenerate.

We can usethis classi cation to examinethe separation condition more closely We rst
note that any sequencef sphericaldesignswith a degeneratemember is not well-separated.
Any nite sequenceof non-degeneratespherical designsis trivially well-separated.

With in nite sequencesf sphericaldesigns,the separationproperty is no longertrivial.
Many sud in nite sequencesdo not have the separation property. This is becausea
compound spherical designcan have points which are arbitrarily closetogether.

Given any compound spherical n -design,where n is now xed, it is easyto construct
an in nite sequenceof spherical n-designssuch that the number of points remains con-
stant, but the minimum distance approaces zero. This can be done by rotating one
componert of the compound spherical design with respect to the other componerts, in
such a way that two of the points approac ead other. Specic examplesof starting
points for such a sequenceare any compound spherical 1-design consisting of two pairs
of opposite points, and any compound spherical 3-designconsisting of the vertices of two
cubes. (It is known that any pair of antip odal points is a simple 1-design,and that the
points of a cube form a simple 3-design (see[7, 11]).)

Using a similar principle of construction, it is possibleto construct an in nite sequence
of compound sphericaldesigns,with increasingstrength (and henceincreasingcardinality),
such that the minimum distance betweenpoints decreasesrbitrary rapidly. Clearly such
a sequenceadoesnot have the separation property.
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