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Abstract

In this work we give upper bounds for the Coulomb energyof a sequenceof well sep-
arated spherical n -designs,where a spherical n -design is a set of m points on the
unit sphere S2 � R3 that gives an equal weight cubature (or equal weight numeri-
cal integration) rule on S2 which is exact for spherical polynomials of degree 6 n .
(A sequence� of m -point spherical n -designsX on S2 is said to be well separated
if there existsa constant � > 0 such that for each m -point spherical n -design X 2 �
the minimum spherical distance betweenpoints is bounded from below by �p

m .) In
particular, if the sequenceof well separated spherical designs is such that m and
n are related by m = O(n2) , then the Coulomb energy of each m -point spherical
n -designhasan upper bound with the same�rst term and a secondterm of the same
order as the bounds for the minimum energyof point setson S2 .

Keyw ords: accelerationof convergence,Coulomb energy, Coulomb potential, equal
weight cubature, equal weight numerical integration, orthogonal polynomials, sphere,
spherical designs,well separatedpoint setson sphere.
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1 In tro duction

This paper examinesthe (discrete) Coulomb (or r � 1) energy of spherical designson the
unit sphere S2 � R3 .
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2 Kerstin Hesseand Paul Leopardi

The Coulomb energyof a set of m distinct points (or m -point set) X := f x 1; : : : ; xm g
on S2 is de�ned as

E(X ) :=
1
2

mX

i =1

mX

j =1 ; j 6= i

jx i � x j j
� 1;

where jx j denotesthe Euclidean norm (in R3 ) of the vector x .
There have beenmany equivalent de�nitions of sphericaldesignssincethe original one

by Delsarte, Goethals, and Seidel [7]. The following is the most convenient one for our
purposes.

De�nition 1.1. For n 2 N0 , a spherical n -design is a �nite set of points X � S2 , such
that the corresponding equal weight cubature rule QX is exact for Pn (S2) , the space of
all spherical polynomials of degree up to and including n ; that is, X � S2 is a spherical
n -design if it satis�es

QX (p) =
Z

S2
p(x) d! (x) for all p 2 Pn(S2);

where
QX (f ) :=

4�
jX j

X

x 2 X

f (x); f 2 C(S2); (1)

and where ! is the Lebesguesurface measure on S2 .
Noting that a spherical n -design is also a spherical k -design for all k 2 N0 with

k < n , wesay that n is the strength of X if X is a spherical n -designbut not a spherical
(n + 1) -design. By a spherical designwe mean a spherical n -designwithout specifying n .
The number jX j denotesthe cardinality of X . A spherical design of cardinality m is
called an m -point spherical design.

De�nition 1.2. The spherical distance d(x; y) 2 [0; � ] between two points x; y 2 S2 is
the spherical angle between the two points, that is,

d(x; y ) := cos� 1(x � y );

where x � y denotesthe Euclidean inner product of x and y in R3 .

Our main result is Theorem 3.1, which yields the following special case.

Theorem 1.3. Let � be a sequence of spherical designson S2 , with the following prop-
erties: there exist positive constants � and � , such that, if X 2 � has cardinality m > 2
and strength n , then m 6 � (n + 1)2 , and the minimum spherical distance between points
of X is bounded from below by �p

m . Then the Coulombenergy of each m -point spherical
design X 2 � is bounded from above by

E(X ) 6
1
2

m2 + C(�;� ) m3=2; (2)

where the constant C(�;� ) > 0 depends on � and � , but is independent of m .
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The asymptotic behavior of the minimal Coulomb energy Em ,

Em := min
X � S2 ; jX j= m

E(X );

for a set of m points on S2 has beeninvestigated both theoretically and numerically.
In [25, Theorem 2] and [26, Theorem C] Wagner showed that there exist constants C1

and C2 such that

1
2

m2 + C1 m3=2 6 Em 6
1
2

m2 + C2 m3=2 for all m > 2: (3)

In [20, Corollary 2.6] Rakhmanov, Sa�, and Zhou also give a proof of the upper bound in
(3), and in [4] Brauchart proves the lower bound in (3). Both [20, Corollary 2.6] and [4]
only verify the respective result for m > m0 with m0 large enough, but they obtain an
explicit value for the constant C2 and C1 , respectively.

Sincethe early 1990sthere have beena number of conjecturesconcerningasymptotic
behavior of the minimal energy: Erber and Hockney [8] conjectured that

Em t
1
2

m2 � 0:5510m3=2; m ! 1 :

Rakhmanov, Sa� and Zhou gave numerical evidence(see[20, (4.5)] and [21, (4.4)]) that

Em t
1
2

m2 � 0:55230m3=2 + 0:0689m1=2; m ! 1 :

Kuijlaars and Sa� [17, Conjecture 2] conjectured that

Em =
1
2

m2 + c1m3=2 + o(m3=2); m ! 1 ;

where

c1 := 3

 p
3

8�

! 1=2

�
�

1
2

�
L � 3

�
1
2

�
= � 0:5530: : : :

(Here L � 3 is a Dirichlet L -function, and � is the Riemann zeta function.)
Comparing these theoretical results and conjectureswith the bound for E(X ) given

by the inequality (2), we �nd that the leading term coincidesand the order of the second
term is the same. This might seemremarkable, since we have made no explicit attempt
to minimize the energy, but instead have imposeda separation constraint and restricted
the point sets to be spherical designs.

The use of spherical designsin this work is suggestedby a correspondencebetween
energyand cubature, which is discussedin the next section.

Theorem 1.3 considersa sequence� of spherical designswith the property that if
a spherical design X 2 � has strength n , then the cardinality m of X is bounded
by m 6 � (n + 1)2 . There is ample numerical evidenceof m -point spherical n -designs
with m 6 (n + 1)2 (up to at least strength n = 13 in [11], and up to strength n = 50
in [5]), but the existence of an in�nite sequenceof m -point spherical n -designs with
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increasing n and with m = O(n2) , though conjectured for at least ten years,hasyet to be
proved. If we use M (n) to denotethe minimum number of points for a spherical n -design,
Korevaar and Meyers [16] proved by construction that M (n) = O(n3) and conjectured
that M (n) = O(n2) , and Hardin and Sloane[11] conjecturedthat M (n) 6 1

2n2 (1 + o(1)) .
The separation constraint is essential to the result (2). Since the Coulomb potential

is unbounded as r approaches 0, and sincespherical designscan have points arbitrarily
closetogether, the separationconstraint is neededto guarantee any asymptotic boundson
the energy. The separation constraint is also suggestedby a result of Dahlberg [6], which
states that the minimum energypoint setshave this property.

The study of the potential energy and separation properties of spherical designs is
relatively recent. For example,Bajnok et al. [3] constructed a sequenceof 3-designsand
numerically evaluated the energy and minimum Euclidean distance between points for a
�nite number of these 3-designs,but did not investigate the asymptotic properties of the
sequence.

2 Preliminaries

In this section we give the necessarymathematical background and de�nitions for our
results. In particular, we describe the correspondencebetweendiscrete energy and equal
weight cubature, de�ne spherical designs, the Coulomb potential and Coulomb energy,
and the separation property.

2.1 Corresp ondence between discrete energy and cubature

The following de�nition of discrete energywill be used in this paper.

De�nition 2.1. For a point set X = f x 1; : : : ; xm g � S2 , the discreteenergyof a potential
v de�ned on (0; 2] is given by the linear functional

EX (v) :=
1
2

mX

i =1

mX

j =1 ; j 6= i

v(jx i � x j j);

and the discreteenergyof a function f de�ned on [� 1; 1) is given by the linear functional

EX (f ) :=
1
2

mX

i =1

mX

j =1 ; j 6= i

f (x i � x j ): (4)

We observe that

jx � y j =
p

(x � y ) � (x � y ) =
p

2 � 2x � y for x; y 2 S2: (5)

Thus, given a potential v on (0; 2], we can de�ne a corresponding function f v on [� 1; 1)
by

f v(z) := v
� p

2 � 2z
�

; so that f v(x � y ) = v(jx � y j); (6)
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and conversely, given a function f on [� 1; 1) , we can de�ne a corresponding potential vf

on [0; 2) by

vf (r ) := f
�

1 �
r 2

2

�
; so that vf (jx � y j) = f (x � y ):

We then have
EX (v) = EX (f v) and EX (f ) = EX (vf ): (7)

We can now set out the correspondencebetween discrete energy and equal weight
cubature.

For a bounded function f on [� 1; 1] and the m -point set X = f x 1; : : : ; xm g � S2 ,
if we de�ne the functions f i : S2 ! R by f i (y ) := f (x i � y ) , for i 2 f 1; : : : ; mg, we can
expressthe discrete energyof f for the point set X as

EX (f ) =
1
2

mX

i =1

mX

j =1

f (x i � x j ) �
m
2

f (1)

=
1
2

mX

i =1

mX

j =1

f i (x j ) �
m
2

f (1):

We can now usethe equal weight cubature rule QX de�ned by (1) to expressthe energy
as

EX (f ) =
1
2

m
4�

mX

i =1

QX (f i ) �
m
2

f (1):

By a suitable changeof coordinates, we can show that for any y 2 S2 , we have
Z

S2
f (x � y ) d! (x) = 2�

Z 1

� 1
f (z) dz:

If we de�ne the error term R(X ; f ) by

R(X ; f ) :=
1
2

m
4�

mX

i =1

�
QX (f i ) �

Z

S2
f i (x) d! (x)

�

=
1
2

m
4�

mX

i =1

QX (f i ) �
m2

4

Z 1

� 1
f (z) dz;

then we obtain the representation

EX (f ) =
m2

4

Z 1

� 1
f (z) dz �

m
2

f (1) + R(X ; f ):

In particular, if X is a spherical n -design and if p 2 Pn([� 1; 1]) , where Pn ([� 1; 1]) is
the spaceof all polynomials on [� 1; 1] of degree6 n , then R(X ; p) = 0, and

EX (p) =
m2

4

Z 1

� 1
p(z) dz �

m
2

p(1): (8)
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Therefore, for a spherical n -design X , if we can expressa potential v on (0; 2] as

v(jy � x j) = f v(x � y ) = p(x � y ) + q(x � y );

where p is a polynomial of degreeat most n , then we have

EX (v) = EX (f v) = EX (p) + EX (q):

From (8) we can compute EX (p) exactly. Thus if we can bound EX (q) , we can bound
the energy EX (v) .

2.2 The Coulom b poten tial and the Coulom b energy

In this section we de�ne the Coulomb potential and describe the Coulomb energy of a
point set on S2 . The Coulomb potential is de�ned by V (r ) := r � 1 . In this paper we use
the corresponding function � = � V , de�ned on [� 1; 1) by

�( z) :=
1

p
2 � 2z

:

By (5) we have �( x � y ) = V(jx � y j) for x; y 2 S2 .

De�nition 2.2. The Coulomb energy of a �nite point set X = f x 1; : : : ; xm g � S2 is
de�ned by

E(X ) := EX (V ) =
1
2

mX

i =1

mX

j =1 ; j 6= i

jx i � x j j
� 1 :

From (6) and (7) we also have

E(X ) = EX (�) =
1
2

mX

i =1

mX

j =1 ; j 6= i

�( x i � x j ): (9)

This last representation is the starting point for the proof of our main result, which is
given in Theorem 3.1.

2.3 Spherical designs and the separation prop ert y

The rest of this section is devoted to spherical n -designsand the separation property.
As we explain in Section 5, it is possibleto construct an in�nite sequenceof spherical

designs,with increasingstrength, where the minimum distance betweenpoints decreases
arbitrarily rapidly. Thus there can be no asymptotic upper bound on the Coulomb energy
of a sequenceof sphericaldesignswithout somefurther constraint of the minimum distance
betweenpoints.

Thereforewe restrict our attention in this work to sequencesof sphericaldesignswhich
are well separated. By this we mean the following:
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De�nition 2.3. We say that a sequence � of spherical designsis well separatedor that
� has the separation property, if there exists a spherical separation constant � > 0 such
that for each m -point spherical design X = f x 1; : : : ; xm g 2 � , where m > 2, the spherical
distance between the points satis�es the estimate

d(x i ; x j ) >
�

p
m

for all i; j 2 f 1; : : : ; mg with i 6= j: (10)

Instead of the spherical distance, we could equivalently use the Euclidean distance
jx � y j and a Euclidean separation constant.

3 An upp er bound for the Coulom b energy of a spherical
design

As stated in the introduction, Theorem 1.3 is a special caseof our main result, Theorem
3.1,givenbelow. Theorem3.1givesupper boundsfor the Coulomb energyof each spherical
designof a sequencewith the separationproperty, with no assumptionson the relationship
between the number of points m and the strength n of each spherical design. Theorem
1.3 follows from Theorem 3.1 by imposing the additional assumption m 6 � (n + 1)2 .

The proof of Theorem3.1 requiresseveral lemmas,which we state in this sectionbefore
we give the proof of the theorem. The proofs of the lemmasare deferred to Section 4.

Theorem 3.1. Let � be a sequence of spherical designson S2 which is well-separated
with spherical separation constant � . Then the Coulomb energy E(X ) of each spherical
design X 2 � of cardinality m and strength n is bounded from above by

E(X ) 6
1
2

m2 �
1
2

m(n + 1)(n + 2)
2n + 3

�
1
2

m2

2n + 3
+ c�

m9=4

(n + 1)3=2
: (11)

The constant c� > 0 dependson the separation constant � , but is independent of m and
n .

We now useTheorem 3.1 to prove Theorem 1.3.

Proof of Theorem 1.3. Any sphericaldesign X 2 � of cardinality 1 hasa Coulomb energy
of zero and so trivially satis�es (2).

Now consider a spherical design X 2 � of cardinality m > 2 and strength n . The
assumption m 6 � (n + 1)2 implies

n + 1 > � � 1=2 m1=2;

and from (11) in Theorem 3.1 we have

E(X ) 6
1
2

m2 �
1
2

m(n + 1)(n + 2)
2n + 3

�
1
2

m2

2n + 3
+ c� � 3=4 m3=2

6
1
2

m2 + c� � 3=4 m3=2;
(12)
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which yields (2) with C(�;� ) = c� � 3=4 . This concludesthe proof. �

Remark. In the proof of Theorem 1.3 we have left out the secondand third term in the
secondline in (12), sincethey are negative. As thesetwo terms are, due to the assumption
m 6 � (n + 1)2 , of the order m3=2 they can be usedto improve the value of the constant
C(�;� ) . In particular, when m = (n + 1)2 , we have

E(X ) 6
1
2

m2 �
1
2

m3=2 + c� m3=2;

so we can set C(�;� ) = c� � 1
2 :

3.1 Lemmas needed for the pro of of Theorem 3.1

For the proof of Theorem 3.1 we needseveral lemmas.
In this work Pk denotesthe Legendrepolynomial of degreek 2 N0 , and P (�;� )

k is the
Jacobi polynomial of degreek 2 N0 with indices � > � 1 and � > � 1, as de�ned in [24,
Chapter I I, 2.4, and Chapter IV]. The Legendrepolynomial Pk is the Jacobi polynomial
P (0;0)

k with indices � = � = 0. The Jacobi polynomials P (�;� )
k satisfy the orthogonality

relation
Z 1

� 1
P (�;� )

k (z) P (�;� )
` (z) (1 � z) � (1 + z) � dz = 0 8 k; ` 2 N0 with k 6= `:

Of particular interest for this work are the Legendre polynomials Pk and the Jacobi
polynomials P (1;0)

k . Both assumetheir maximum at z = 1, more precisely, we have

jPk (z)j 6 Pk (1) = 1 and jP (1;0)
k (z)j 6 P (1;0)

k (1) = k + 1 for all z 2 [� 1; 1].
In the following we also usethe Pochhammer symbol, de�ned by

(x)0 := 1; (x)n :=
n� 1Y

k=0

(x + k) for n 2 N:

The �rst lemma(Lemma 3.2below) splits the function �( z) = 1p
2� 2z

into a polynomial
part and a remainder. This split is basedon the expansionof a function related to � in
a Legendreseries,as we will seein the proof in Subsection4.1.

Lemma 3.2. For z 2 [� 1; 1) and n 2 N0

�( z) = sn (z) + tn (z); z 2 [� 1; 1); (13)

where sn is a polynomial of degree n , given by

sn (z) :=
nX

k=0

k + 1
2

�
k + 1

2

�
2

P (1;0)
k (z); z 2 [� 1; 1]; (14)
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and where tn := an + bn , with an and bn given by

an (z) :=
n + 2

2
�
n + 3

2

�
2

Pn+1 (z)
1 � z

; z 2 [� 1; 1); (15)

bn (z) := �
1X

k= n+2

k + 1
2

2
�
k � 1

2

�
3

Pk (z)
1 � z

; z 2 [� 1; 1): (16)

The equality (13) is pointwise on [� 1; 1) , and the series bn converges absolutely and
uniformly in every closed interval contained in [� 1; 1) .

We split o� the polynomial term sn becausewe can use the expression(8) to obtain
its energyexactly, and becausethe `tail' t n and its corresponding energyare `small', in a
sensewhich is elaborated in the lemmasbelow. This splitting is one of the main ideasof
the proof of Theorem 3.1.

The next lemma givesan estimate for tn on the open interval (� 1; 1) , and the subse-
quent lemma estimatesthe contribution of t n to the energysum.

Lemma 3.3. For � 2 (0; � ) the function tn , as de�ned in Lemma 3.2, satis�es the
estimate

jtn (cos� )j 6
5
3

�
2
�

� 1=2

(n + 1)� 3=2 (sin � ) � 5=2: (17)

Lemma 3.4. Let � be a well separated sequence of spherical designswith spherical sepa-
ration constant � . For a spherical design X 2 � with cardinality jX j = m and strength
n , the estimate

EX (tn ) 6 c�
m9=4

(n + 1)3=2
(18)

is valid, where the constant c� > 0 dependsonly on the separation constant � .

The proof of Lemma 3.4 requires the following three lemmas. The �rst of thesegives
an upper bound on the number of points of a point set X which can at most lie in an
arbitrary spherical cap S(x; � ) of center x 2 S2 and angular radius � 2 (0; � ] . Such a
spherical cap is de�ned by

S(x; � ) :=
�

y 2 S2
�
� d(x; y ) 6 �

	
:

Lemma 3.5. Let X = f x1; : : : ; xm g, m > 2, be a point set on S2 with the property that
the minimum spherical distance between points is bounded from below by � = 2� , that is

min f d(x i ; x j ) j i; j 2 f 1; : : : ; mg with i 6= j g > � : (19)

Then jX \ S(x; � )j , the number of points of X which lie in the spherical cap S(x; � ) with
center x 2 S2 and angular radius � , where � 6 � 6 � =2, is bounded from above by

jX \ S(x; � )j 6
3� 2

4
� � 2 (sin � )2: (20)
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The next lemma gives an upper bound on the spherical separation constant for point
setson S2 .

Lemma 3.6. If X is an m -point subsetof S2 , with m > 2, such that the minimum
spherical distance between any two distinct points of X is �p

m , then

� 6 �
p

2:

A set consisting of two antipodal points of S2 attains this bound.

The next lemma puts an upper bound on the strength of a spherical designon S2 .

Lemma 3.7. If X is an m -point spherical n -design then

n + 1 6 2
p

m: (21)

Note that (21) in Lemma 3.7 tells us that for an in�nite sequence� of sphericaldesigns
of cardinality m and strict monotonically increasingstrength n , the cardinality m can at
best be of the order n2 . It is yet unknown (seeSection 1) whether this order is achieved.

Lemma 3.2 is inspired by similar splitting lemmasin [12] and [13]. The papers[12] and
[13] investigate the asymptotic behavior of the worst-casecubature error in the Sobolev
spaceH s(S2) , with s > 1, of an in�nite sequenceof cubature rules with increasingdegree
of polynomial exactness,and with a regularity property. The worst-casecubature error in
H s(S2) hasa representation which is essentially a doublecubature sum applied to a kernel
which is closely related to the reproducing kernel of H s(S2) . In [12] and [13], there is a
lemma similar to our Lemma 3.2, which splits this kernel into a polynomial part which
is integrated exactly by the double cubature sum, and a remaining part which can be
estimated. The proof of the estimate of the energy EX (tn ) in Lemma 3.4 usestechniques
similar to those usedin [12] and [13] to deal with the double cubature sum applied to the
remaining part.

We can use similar techniques for the estimation of the asymptotic behavior of the
energyof a well separatedsequenceof spherical designsand for deriving upper bounds of
the worst-casecubature error becausein both caseswe work with cubature rules that are
exact up to a certain degreen .

We can now give the proof of Theorem 3.1.

Proof of Theorem 3.1. If the spherical design X 2 � consists of only one point, then
E(X ) = 0. Sincea spherical designof cardinality m = 1 has strength n = 0, the right
hand side of (11) is in this case

1
2

m2 �
1
2

m(n + 1)(n + 2)
2n + 3

�
1
2

m2

2n + 3
+ c�

m9=4

(n + 1)3=2
=

1
2

�
1
2

2
3

�
1
2

1
3

+ c� = c� :

In this casethe inequality (11) becomesc� > 0, which is automatically satis�ed. Thus,
in the remainder of the proof we assumethat X 2 � has cardinality m > 2.
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Using (13) in Lemma 3.2, we split � into a polynomial part sn and a `well behaved'
tail tn . Correspondingly, we now split the energy (9) into two parts,

E(X ) = EX (sn ) + EX (tn ): (22)

The function sn de�ned in Lemma 3.2 by (14) is a polynomial of degree n . Since X is
a spherical n -design,we can usethe expression(8) to obtain the energy E X (sn ) exactly.
From (8), we have

EX (sn ) =
m2

4

Z 1

� 1
sn (z) dz �

m
2

sn (1):

We now replace sn by its de�nition (14) to obtain

Z 1

� 1
sn(z) dz =

nX

k=0

k + 1
2

�
k + 1

2

�
2

Z 1

� 1
P (1;0)

k (z) dz =
nX

k=0

1
�
k + 1

2

�
2

= 2
n + 1
n + 3

2

; (23)

where we used(see[9, p. 284, (2)])

Z 1

� 1
P (1;0)

k (z) dz =
2

k + 1
:

Also the identit y P (1;0)
k (1) = k + 1 (see[24, (4.1.1)]) gives

sn(1) =
nX

k=0

k + 1
2

�
k + 1

2

�
2

P (1;0)
k (1) =

nX

k=0

(k + 1)2

2
�
k + 1

2

�
2

=
1
2

(n + 1)2

n + 3
2

: (24)

The two summation identities which have beenused in the last step in (23) and (24) are
easily proved by induction. Substituting back into the expressionfor E X (sn ) , we obtain

EX (sn ) =
m2

2
n + 1
n + 3

2

�
m
4

(n + 1)2

n + 3
2

=
1
2

m2 �
1
4

m2

n + 3
2

�
1
4

m (n + 1)2

n + 3
2

:
(25)

The estimate (18) from Lemma 3.4 gives

EX (tn ) 6 c�
m9=4

(n + 1)3=2
: (26)

We thus obtain from (22), (25), and (26) the estimate

E(X ) 6
1
2

m2 �
1
2

m (n + 1)2

2n + 3
�

1
2

m2

2n + 3
+ c�

m9=4

(n + 1)3=2
;

where the constant c� is given by (51) from the proof of Lemma 3.4. �
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4 Pro ofs of Lemmas

In this section we prove Lemmas3.2 to 3.7.

4.1 Pro of of Lemma 3.2

Before giving the proof of Lemma 3.2, we present someof the underlying ideas.
We start by noting that � is in L 1([� 1; 1]) and in C([� 1; 1)) but not in L 2([� 1; 1])

or C([� 1; 1]) . The Legendrepolynomials are a completeorthogonal systemof continuous
functions for L 2([� 1; 1]) (see [23, Chapter I I I, Section 9] and [24, Chapter I I, 2.4, and
Chapter IV]). Because� is in L 1([� 1; 1]) , the coe�cien ts of the formal Legendreseries
for � are well de�ned. We now determine the formal Legendreseriesfor � and examine
it for convergence.

For f 2 L 1([� 1; 1]) and g 2 C([� 1; 1]) , we de�ne the bilinear form

hf ; gi :=
Z 1

� 1
f (z) g(z) dz

If f and g are both in L 2([� 1; 1]) , this coincideswith the L 2 inner product. The formal
Legendreseriesfor � is then

S(�) :=
1X

k=0

b� (k) Pk ;

where the Legendrecoe�cien ts are given by

b� (k) :=
h� ; Pk i
hPk ; Pk i

:

As a consequenceof [9, p. 284, (2)] we have

h� ; Pk i =
1

k + 1
2

:

We also know from [24, (4.3.3)] that

hPk ; Pk i =
1

k + 1
2

; (27)

so b�( k) = 1, and we have the formal Legendreseries

S(�) =
1X

k=0

Pk :

The formal Legendre seriesexpansion of � is a long known result, based on results of
Neumann and Stieltjes and with a proof by Fej�er as described in Sansone[23, Chapter
I I I, Section 15]. Sansonegivesa proof of uniform convergencefor this seriesin any closed
interval contained in (� 1; 1) , basedon Hobson's equiconvergencetheorem [23, Chapter
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I I I, Section 14], [14, pp. 388{395], [15], but Sansonedoesnot give an estimate of the rate
of convergenceof S(�) . In fact, this seriesconvergestoo slowly for our purposes.

To accelerateconvergence,we usea known method of approximation of an integrable
function f , which replacesthe series S(f ) with a serieswhich has faster convergence
at the expenseof a higher order of singularity as z approaches 1. This technique was
employed in 1954 by Yennie, Ravenhall and Wilson [27, p. 505] and is sometimescalled
`YRW resummation' [1].

We apply YRW resummation to � . Thus instead of expanding � into the formal
Legendreseries S(� ) , we de�ne w(z) := 1 � z , and expand w� , where

(w�)( z) = (1 � z) �( z) =

r
1 � z

2
;

into the formal Legendreseries

S(w�) :=
1X

k=0

[(w�) (k) Pk ; (28)

with
[(w�) (k) :=

hw� ; Pk i
hPk ; Pk i

;

and examine (28) for convergence.We then usethe seriesexpansion

W (�)( z) :=
S(w�)( z)

w(z)
=

1
1 � z

1X

k=0

[(w�) (k) Pk (z) (29)

as a representation of � .
The function w� is continuous on [� 1; 1] and hencein L 2([� 1; 1]) . This meansthat

the seriesS(w�) asde�ned by (28) convergesto w� in the L 2 sense,sincethe Legendre
polynomials form a complete orthogonal systemfor L 2([� 1; 1]) . To prove Lemma 3.2 we
needto examine S(w�) with respect to pointwise and uniform convergence.As a result
of [9, p. 284, (2)] we have

hw� ; Pk i = �
1

2
�
k � 1

2

�
3

:

Using (27) we have

[(w�) (k) = �
k + 1

2

2
�
k � 1

2

�
3

;

and therefore

S(w�)( z) = �
1X

k=0

k + 1
2

2
�
k � 1

2

�
3

Pk (z): (30)

The simple estimate jPk (z)j 6 1 for z 2 [� 1; 1] (see [24, (7.21.1)]) now implies that
the series S(w�) convergesuniformly and absolutely on this interval. Since the uniform
limit and the L 2 limit have the sameLegendrecoe�cien ts they coincide in the L 2 sense.
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Furthermore w� and the uniform limit are both continuous on [� 1; 1], and therefore we
conclude that they are identical: the series S(w�) convergesuniformly to the function
w� .

Now that we have a well behaved series,we can concentrate on splitting o� an appro-
priate polynomial sn . We usethe identit y

(1 � z) P (1;0)
k (z) = Pk (z) � Pk+1 (z); k 2 N0; (31)

(see[24, (4.5.4)]) and summation by parts to derive the following lemmaon �nite Legendre
sums.

Lemma 4.1. For any sequence (un )n2 N0 � R , we have

n+1X

k=0

uk Pk (z) = vn+1 Pn+1 (z) + (1 � z)
nX

k=0

vk P (1;0)
k (z);

where

vk :=
kX

`=0

u` :

Proof. We have u0 = v0 and uk = vk � vk� 1 for k > 0. Therefore, with the help of (31),

n+1X

k=0

uk Pk (z) = v0 P0(z) +
n+1X

k=1

(vk � vk� 1) Pk (z)

= v0 P0(z) +
n+1X

k=1

vk Pk (z) �
nX

k=0

vk Pk+1 (z)

= vn+1 Pn+1 (z) +
nX

k=0

vk
�
Pk (z) � Pk+1 (z)

�

= vn+1 Pn+1 (z) + (1 � z)
nX

k=0

vk P (1;0)
k (z):

This concludesthe proof.

After thesepreparations we can now prove Lemma 3.2.

Proof of Lemma 3.2. From (29), the discussionof the convergenceof S(w�) , and (30),
we have for z 2 [� 1; 1) ,

�( z) = W (�)( z) =
S(w�)( z)

w(z)
= �

1
1 � z

1X

k=0

k + 1
2

2
�
k � 1

2

�
3

Pk (z):

We can now split W (�) into a partial sum and a well behaved tail.

W (�) = W(n+1) (�) + W (n+1) (�) ;
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where

W(n+1) (�)( z) := �
1

1 � z

n+1X

k=0

k + 1
2

2
�
k � 1

2

�
3

Pk (z);

W (n+1) (�)( z) := �
1X

k= n+2

k + 1
2

2
�
k � 1

2

�
3

Pk (z)
1 � z

:

We seethat W (n+1) (�)( z) = bn (z) where bn is de�ned by (16).
We now apply Lemma 4.1 to W(n+1) (�) to split a polynomial from the partial sum,

W(n+1) (�)( z) =

 

�
n+1X

`=0

` + 1
2

2
�
` � 1

2

�
3

!
Pn+1 (z)

1 � z
+

nX

k=0

 

�
kX

`=0

` + 1
2

2
�
` � 1

2

�
3

!

P (1;0)
k (z)

=
n + 2

2
�
n + 3

2

�
2

Pn+1 (z)
1 � z

+
nX

k=0

k + 1
2

�
k + 1

2

�
2

P (1;0)
k (z)

= an (z) + sn (z);

where we have usedthe identit y

�
nX

`=0

` + 1
2

2
�
` � 1

2

�
3

=
n + 1

2
�
n + 1

2

�
2

in the secondstep. So, we have �( z) = sn(z) + an (z) + bn (z) pointwise on [� 1; 1) . The
uniform convergenceof bn on every closedinterval contained in [� 1; 1) follows from the
uniform convergenceof S(w�) on [� 1; 1]. �

Remark. The function � is in the weighted L 2 spaceL 2 (w; [� 1; 1]) with weight function
w(z) = 1 � z , and the Jacobi polynomials P (1;0)

k , k 2 N0 , are a complete orthogonal
systemfor this space.Using [9, p. 284, (2)] and [24, (4.3.3)] it is possibleto show that sn

is the partial sum up to degreen of the Jacobi seriesexpansionof � with respect to the
Jacobi polynomials P (1;0)

k , k 2 N0 . We could have usedthis orthogonal expansionas the
basisof an alternative (but not easier)proof of Lemma 3.2.

4.2 Pro ofs of remaining lemmas

Proof of Lemma 3.3. To estimate jtn (cos� )j for � 2 (0; � ) , we start with

jtn(cos� )j 6 jan (cos� )j + jbn (cos� )j ; � 2 (0; � ); (32)

and then treat each term on the right-hand side separately.
We useAntonov and Hol�sevnikov's sharpenedBernstein inequality (see[2], [18], [19])

jPk (cos� )j <
�

2
�

� 1=2 �
k +

1
2

� � 1=2

(sin � ) � 1=2 for � 2 (0; � );
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and the estimate

1
1 � cos�

=
1 + cos�
(sin � )2 6 2(sin � ) � 2 for � 2 (0; � ):

Theseresult in the estimate
�
�
�
�
Pk (cos� )
1 � cos�

�
�
�
� <

�
8
�

� 1=2 �
k +

1
2

� � 1=2

(sin � ) � 5=2 for � 2 (0; � ): (33)

Using this estimate we obtain, for � 2 (0; � ) ,

jan (cos� )j 6
n + 2

2
�
n + 3

2

�
2

�
�
�
�
Pn+1 (cos� )

1 � cos�

�
�
�
�

6
�

8
�

� 1=2 �
n +

3
2

� � 1=2 n + 2
2

�
n + 3

2

�
2

(sin � ) � 5=2

6
�

2
�

� 1=2

(n + 1)� 3=2 (sin � ) � 5=2:

(34)

We use(33) again to estimate bn (cos� ) for � 2 (0; � )

jbn (cos� )j 6
1X

k= n+2

�
k + 1

2

�

2
�
k � 1

2

�
3

�
�
�
�
Pk (cos� )
1 � cos�

�
�
�
�

6
�

8
�

� 1=2

(sin � ) � 5=2
1X

k= n+2

�
k + 1

2

� 1=2

2
�
k � 1

2

�
3

6
�

2
�

� 1=2

(sin � ) � 5=2
1X

k= n+2

k� 5=2

6
�

2
�

� 1=2

(sin � ) � 5=2
Z 1

n+1
t � 5=2 dt

6
2
3

�
2
�

� 1=2

(n + 1)� 3=2 (sin � ) � 5=2:

(35)

Combining (32), (34), and (35), we obtain the estimate (17) for � 2 (0; � ) . �

Proof of Lemma 3.4. By de�nition (4) we have

EX (tn ) :=
1
2

mX

i =1

mX

j =1 ; j 6= i

tn(x i � x j ): (36)

If m = 1 then the inner sum in (36) is empty, thus EX (tn ) = 0, and (17) is automat-
ically satis�ed. In what follows, we can therefore assumethat m > 2.
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Let now m > 2. The separation property (10) then implies that

�
p

m
6 � : (37)

We split the inner sum in (36) into a sum over all points in the northern hemisphere
with respect to x i as north pole and a sum over all points in the corresponding southern
hemisphere.The equator is arbitrarily included in the northern hemisphere.Then

EX (tn ) = E + + E � ; (38)

where

E � :=
1
2

mX

i =1

mX

j =1 ; j 6= i

� (H �
i )(x j ) tn(x i � x j );

with

H +
i :=

�
x 2 S2

�
� 0 6 x i � x 6 1

	
;

H �
i :=

�
x 2 S2

�
� � 1 6 x i � x < 0

	
= S2 n H +

i ;

for i 2 f 1; : : : ; mg, and where � (H �
i ) is the characteristic function of H �

i .
The estimate for tn given in Lemma 3.3 has singularities at � 2 f 0; � g. Therefore for

each i 2 f 1; : : : ; mg we split the inner sum in E � further into a sum over those points in
the closedspherical cap S(� x i ; � ) , where

� = � (m) :=
�

2
p

m
;

and a sum over the remaining points in H �
i . From (37) we have � 6 �

2 . Thus

E � = D � + R� ; (39)

with the in-cap contribution

D � :=
1
2

mX

i =1

mX

j =1 ;j 6= i

�
�
S(� x i ; � ) \ H �

i

�
(x j ) tn (x i � x j );

and the out-of-cap contribution

R� :=
1
2

mX

i =1

mX

j =1 ;j 6= i

�
�
H �

i n S(� x i ; � )
�
(x j ) tn (x i � x j ):

It remains to estimate D � and R� . First we examine the in-cap part D � .
We have D + = 0, since (due to the separation property) there are no points of the

point set X in S(x i ; � ) other than x i itself, and x i is excluded from the sum.
For each �xed i 2 f 1; : : : ; mg, in the inner sum of D � we are summing only over

points of X in S(� x i ; � ) \ H �
i , and becauseof the separation property (10) there are at
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most two such points. If there are two points in the spherical cap S(� x i ; � ) they are on
the boundary opposite each other along a diameter. Because� 2 (0; �

2 ] we know that for
each point x j 2 S(� x i ; � ) \ H �

i we have x i � x j < 0. Becausethis is well away from the
singularity of tn at 1, we can usethe de�nitions (15) and (16) of an and bn from Lemma
3.2, with jPk (z)j 6 1, to estimate jtn (x i � x j )j . For each point x j 2 S(� x i ; � ) we have

jtn (x i � x j )j 6 jan (x i � x j )j + jbn (x i � x j )j

6
n + 2

2
�
n + 3

2

�
2

+
1X

k= n+2

k + 1
2

2
�
k � 1

2

�
3

6
1

2(n + 1)
+

1X

k= n+2

1
2k2

6
1

2(n + 1)
+

1
2

Z 1

n+1
t � 2 dt

= (n + 1)� 1;

(40)

where we have usedthe estimate 1 � x i � x j > 1. From (40) we obtain

D � 6
1
2

mX

i =1

2
n + 1

=
m

n + 1
: (41)

Now we examinethe out-of-cap part R � . With the estimate (17) for tn from Lemma
3.3, we can estimate R � as

R� 6
5

3
p

2
p

�
(n + 1)� 3=2

mX

i =1

R�
i ; (42)

with

R�
i :=

mX

j =1 ;j 6= i

�
�
H �

i n S(� x i ; � )
�

(x j ) (sin � �
ij )� 5=2; (43)

where � �
ij 2 [0; � ] is determined by cos� �

ij = � x i � x j , i; j = 1; : : : ; m . Note that in the
sum R�

i in (43) we only count points for which � �
i is in (�; �

2 ] , sincewe only count points
in the forward hemispherewith respect to � x i without the spherical cap S(� x i ; � ) . (To
obtain (43) from (17) we have also made useof sin � = sin(� � � ) for � 2 [0; � ] , and thus
sin � +

ij = sin � �
ij .)

De�ne the counting function g�
i : [�; �

2 ] ! R which counts the number of points x j

which lie in H �
i \ (S(� x i ; � ) n S(� x i ; � )) , by

g�
i (� ) :=

mX

j =1

�
�
H �

i \
�
S(� x i ; � ) n S(� x i ; � )

� �
(x j ):

Then g�
i (� ) = 0, and g�

i is monotonically increasingand therefore of boundedvariation.
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Also, for � 2 [�; �
2 ] de�ne h(� ) := (sin � ) � 5=2 . This function is continuous and strictly

monotonically decreasing,and therefore we can express R �
i as a Riemann-Stieltjes inte-

gral, as in Reimer [22],

R�
i =

Z � =2

�
h(� ) dg�

i (� ):

Integration by parts gives

R�
i = h

� �
2

�
g�

i

� �
2

�
� h(� ) g�

i (� ) �
Z � =2

�
g�

i (� ) dh(� )

= g�
i

� �
2

�
+

5
2

Z � =2

�
g�

i (� ) (sin � ) � 7=2 cos� d� :

(44)

Since g�
i counts points of X , we know that g�

i ( �
2 ) 6 m . From (20) of Lemma 3.5 we

have, for � 2 [�; �
2 ] , the estimate

g�
i (� ) 6

3� 2

4
� � 2 (sin � )2: (45)

Thus, using (45) to estimate g�
i in (44), we obtain

R�
i 6 m +

15� 2

8� 2

Z � =2

�
(sin � ) � 3=2 cos� d�

= m �
15� 2

4� 2

h
(sin � ) � 1=2

i � =2

�

= m +
15� 2

4� 2

�
(sin � ) � 1=2 � 1

�
:

(46)

With the estimate

sin � >
2�
�

; � 2
h
0;

�
2

i
;

we can eliminate the sine function from (46). Thus

R�
i 6 m +

15� 2

4� 2

� r
�
2�

� 1
�

:

We now substitute 2� = �p
m to obtain

R�
i 6 m +

15� 2

� 2

�
m1=4

r
�
�

� 1
�

m

6 15
� �

�

� 5=2
m5=4 +

�
1 � 15

� �
�

� 2
�

m

6 15
� �

�

� 5=2
m5=4:

(47)
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In the last step we have used Lemma 3.6 to bound � , which makes the secondterm in
the secondline of (47) negative.

Combining (47) with (42) yields

R� 6
25� 2

p
2� 5=2

m9=4

(n + 1)3=2
: (48)

The equationsand estimates(38), (39), (41), and (48), together with D + = 0 yield

EX (tn ) 6
25

p
2� 2

� 5=2

m9=4

(n + 1)3=2
+

m
n + 1

: (49)

We can now eliminate the secondterm of (49) by increasing the constant in the �rst
term. Using (21) from Lemma 3.7 and recalling that m > 2, we have

m9=4

(n + 1)3=2
=

m5=4

(n + 1)1=2

m
n + 1

> 2
m1=4

(n + 1)1=2

m
n + 1

>
p

2
m

n + 1
:

Thus,
m

n + 1
6

1
p

2

m9=4

(n + 1)3=2
: (50)

Using (50), we can simplify our estimate (49) into the �nal form

EX (tn ) 6 c�
m9=4

(n + 1)3=2
;

with the constant c� given by

c� :=
25

p
2� 2

� 5=2
+

1
p

2
: (51)

This concludesthe proof. �

Proof of Lemma 3.5. The spherical separation (19) puts a bound on the number of points
within a sphericalcap. It is equivalent to a result on sphericalcap packing in the following
sense.

First we observe that m > 2 implies that � 6 � and hence that � 6 �
2 . As the

minimum sphericaldistance betweenpoints of X is boundedfrom below by � = 2� , each
point is contained in a sphericalcapof angular radius � , and the capsdo not overlap. This
implies that for a spherical cap S(x; � ) , of angular radius � 2 (0; �

2 ] and center x , the
number of points of X within this spherical cap is boundedfrom above by the number of
sphericalcapsof angular radius � which can be packed into the sphericalcap S(x; � + � ) .
The total area covered by thesesmall spherical capsof angular radius � is bounded from
above by the area jS(x; � + � )j .
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For any x 2 S2 , it is well-known that the area of a spherical cap S(x; r ) for r 2 [0; � ]
is given by

jS(x; r )j = 2� (1 � cosr ) = 4�
�

sin
r
2

� 2
; (52)

where the secondequality is a trigonometric identit y. Thus,

2� (1 � cos� ) jX \ S(x; � )j 6 2� (1 � cos(� + � )) ;

or equivalently

jX \ S(x; � )j 6
1 � cos(� + � )

1 � cos�
: (53)

From the trigonometric identities, the estimate

sin
�
2

>
sin �

4
�
4

�
2

=
2
p

2
�

�
2

=

p
2

�
�;

and the estimates sin � 6 sin � and 1 + cos� > 1 for � 6 � 6 �
2 we obtain

1 � cos(� + � )
1 � cos�

=
cos� � cos(� + � )

1 � cos�
+ 1

=
cos� (1 � cos� )

1 � cos�
+

sin� sin �
1 � cos�

+ 1

=
cos� (sin � )2

2(1 + cos� )
�
sin �

2

� 2 +
sin � sin �

2
�
sin �

2

� 2 + 1

6
� 2 cos� (sin � )2

4(1 + cos� ) � 2 +
� 2 sin � sin �

4� 2 + 1

6
� 2(sin � )2

4� 2 +
� 2 (sin � )2

4� 2 + 1:

(54)

The last term in (54) can be estimated by

1 =
(sin � )2

(sin � )2 6
(sin � )2

(sin � )2 6
� 2 (sin � )2

4� 2 ; (55)

where we have used the estimate sin � > sin � > 2�
� , since � 6 � 6 �

2 . Combination of
(53), (54), and (55) yields

jX \ S(x; � )j 6
3� 2

4
� � 2 (sin � )2:

This completesthe proof. �

Proof of Lemma 3.6. The maximum spherical distance between any two points of S2 is
� , which is attained by two antip odal points. For X consisting of two antip odal points,
we have

�
p

m
=

�
p

2
= � ;
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so that � = �
p

2.
For the general casewe use an area argument similar to that in the proof of Lemma

3.5. As the minimum spherical distance between points of X is � = � (m) := �p
m 6 � ,

each point is contained in a spherical cap of angular radius � = � (m) := �
2
p

m , where

� 6 �
2 , and the caps do not overlap. For a set X containing m > 2 points of S2 , the

total area of these spherical caps must not exceedthe area of S2 . Thus, using (52), we
must have

m 4�
�

sin
�
2

� 2
6 4� ;

that is,

sin
�
2

6
1

p
m

:

Since �
2 2 (0; �

4 ] , we must have

sin
�
2

>
sin �

4
�
4

�
2

=

p
2

�
�

and so p
2

�
� 6

1
p

m
:

Substituting � = �
2
p

m yields
p

2
�

�
2
p

m
6

1
p

m
;

and so � 6 �
p

2. �

Remark. For m > 3, L. FejesT�oth [10] states that the minimum spherical distance � (m)
of m points on S2 satis�es the inequality

� (m) 6 �( m) := cos� 1

0

B
@

�
cot

�
m

m� 2
�
6

�� 2
� 1

2

1

C
A ;

and that this bound is attained for m = 3; 4; 6; 12 and is an exact asymptotic estimate as
m ! 1 . This estimate should give a tighter bound on � than Lemma 3.6.

Proof of Lemma 3.7. The bounds given in [7, Theorem 5.11, Theorem 5.12] imply that

m > (k + 1)2 >
1
4

(n + 1)2; for n = 2k; and

m > (k + 1)(k + 2) >
1
4

(n + 1)2; for n = 2k + 1:

Thus n + 1 6 2
p

m . �
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5 The separation prop ert y is necessary

It has beenknown since the original paper of Delsarte, et al. [7] that any disjoint union
of spherical n -designsis a spherical n -design. This leadsto the following classi�cation of
spherical n -designs.

� Compound. A disjoint union of two or more spherical n-designs.

� Degenerate.A cubature rule with lessthan m points, whereeach weight is a positive
integermultiple of 4� =m, which can beconsideredasan m point spherical n -design
with a number of coincident points.

� Simple. Neither compound nor degenerate.

We can use this classi�cation to examine the separation condition more closely. We �rst
note that any sequenceof sphericaldesignswith a degeneratemember is not well-separated.

Any �nite sequenceof non-degeneratespherical designsis trivially well-separated.
With in�nite sequencesof sphericaldesigns,the separationproperty is no longer trivial.

Many such in�nite sequencesdo not have the separation property. This is becausea
compound spherical designcan have points which are arbitrarily closetogether.

Given any compound spherical n -design,where n is now �xed, it is easyto construct
an in�nite sequenceof spherical n -designssuch that the number of points remains con-
stant, but the minimum distance approaches zero. This can be done by rotating one
component of the compound spherical design with respect to the other components, in
such a way that two of the points approach each other. Speci�c examples of starting
points for such a sequenceare any compound spherical 1-design consisting of two pairs
of opposite points, and any compound spherical 3-designconsisting of the vertices of two
cubes. (It is known that any pair of antip odal points is a simple 1-design, and that the
points of a cube form a simple 3-design(see[7, 11]).)

Using a similar principle of construction, it is possibleto construct an in�nite sequence
of compound sphericaldesigns,with increasingstrength (and henceincreasingcardinality),
such that the minimum distance betweenpoints decreasesarbitrary rapidly. Clearly such
a sequencedoesnot have the separation property.
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