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MATH5185 – Course Outline

Information about the course

Course Authority: Professor Gary Froyland
Office: RC3060, Email: g.froyland@unsw.edu.au

Course Co-Lecturer: Dr Davor Dragičević
Office: RC4103, Email: d.dragicevic@unsw.edu.au

Consultation: Please use email to arrange an appointment.

Credit, Prerequisites, Exclusions:

This course counts for 6 Units of Credit (6UOC).

Assumed knowledge: Linear Algebra MATH2501. Analysis MATH3611 will be useful.

There is no higher version of this subject.

Lectures: There will be three lectures per week, with approximately periodic tutorial
sessions and computer lab sessions.

Tutorials: There are no tutorials for this course but problems will be done in lectures
and in computer labs.

Course Background

The word “ergodic” is an amalgamation of the Greek words ergon (work) and odos
(path) and was introduced by Boltzmann to describe a hypothesis about the action of
a dynamical system on an energy surface. Today, ergodic theory is a part of the theory
of dynamical systems. In its simplest form, a dynamical system is a function T defined
on a set X. The iterates of the map T are defined by induction: T 0 = Id, T n = T ◦T n−1,
and the aim of the theory is to describe the behaviour of T n(x) as n→∞.

The original motivation was classical mechanics. There X is the set of all possible
states of a given dynamical system (sometimes called configuration space or phase
space), and T : X 	 is the law of motion, which prescribes that if the system is at state
x now, then it will evolve to state T (x) after one unit of time. The orbit {T n(x)}n∈Z is
simply a record of the time evolution of the system, and understanding the behaviour
of T n(x) as n → ∞ is the same as understanding the behaviour of the system at the
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far future. Flows Tt arise when one insists on studying continuous, rather than discrete
time.

With the right choice of X and T , stochastic processes can be simply represented as
deterministic dynamical systems, so that ergodic theory can be applied to stochastic
processes and tools and intuition from probability theory can be brought to the study
of dynamical systems. The modern treatment of “how is it possible that a deterministic
system can behave randomly?” is based on this idea.

The theory of dynamical systems splits into subfields, which differ by the structure
which one imposes on X and T :

1. Differentiable dynamics deals with actions of differentiable maps on smooth man-
ifolds;

2. Topological dynamics deals with actions of continuous maps on topological spaces,
usually compact metric spaces;

3. Ergodic theory deals with measure preserving actions of measurable maps on a
measure space, where the measure is usually assumed to be finite.

There is a particularly rich interaction between differentiable dynamics and ergodic
theory when smooth and measurable structures exist simultaneously.

The last decade has seen applications of ergodic theory to a range to scientific prob-
lems, including molecular dynamics and drug design, physical oceanography, atmo-
spheric science, fluid dynamics, and flow of granular materials.

Course Aims and Learning Outcomes

This six unit of credit course is aimed at honours level mathematics majors, or equiva-
lent, with interests in pursuing research in Dynamical Systems or interests in applying
some of the tools from this field. In terms of Graduate Attributes, this course will
enhance your research, inquiry and analytical thinking abilities. The course aims to
introduce and demonstrate mathematical and computational methods that can be ap-
plied to complex dynamical systems. The course will cover advanced topics including
areas of current research interest in dynamics. Most of the techniques will build upon
mathematical knowledge in Linear Algebra (MATH2501) and Analysis (MATH3611).

Students taking this course will develop an appreciation of the basic problems of Er-
godic Theory and Dynamical Systems. The ability to provide logical and coherent
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proofs of ergodic-theoretic results, and the ability to solve dynamical systems prob-
lems via ergodic-theoretic methods will be important. Through regularly attending lec-
tures and applying themselves in tutorial exercises, students will develop competency
in mathematical presentation, written and verbal skills.

At the end of the course students should be able to read research papers from journals
such as Ergodic Theory and Dynamical Systems, Discrete and Continuous Dynamical
Systems, Nonlinearity, Physica D, and other journals dealing with ergodic-theoretic as-
pects of mathematics and applications. Students should also be able to apply methods
from Ergodic Theory and Dynamical Systems to interdisciplinary research problems.

Teaching strategies underpinning the course

New ideas and skills are introduced and demonstrated in lectures, then students de-
velop these skills by applying them to specific tasks in tutorials and assessments.

Rationale for learning and teaching strategies

We believe that effective learning is best supported by a climate of enquiry, in which
students are actively engaged in the learning process. To ensure effective learning,
students should participate in class as outlined below.

We believe that effective learning is achieved when students attend all classes, have
prepared effectively for classes by reading through previous lecture notes, in the case
of lectures, and, in the case of tutorials, by having made a serious attempt at doing for
themselves the tutorial problems prior to the tutorials.

Furthermore, lectures should be viewed by the student as an opportunity to learn,
rather than just copy down lecture notes.

Effective learning is achieved when students have a genuine interest in the subject and
make a serious effort to master the basic material.

The art of logically setting out mathematics is best learned by watching an expert and
paying particular attention to detail. This skill is best learned by regularly attending
classes.
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Assessment

Assessment in this course will consist of two assignments (15% each) and a final
two-hour examination (70%).

The assignments will not involve group work. Instead students will work at developing
their own analytic and research skills. Some assignment activities will require the
implementation of computational methods. MATLAB or MAPLE may be suitable for
this purpose.

Task Date Due Weighting
Assignment 1 March 15%
Assignment 2 May 15%
Final Exam June 70%

Late assignments will not be accepted.

Syllabus

Material will be drawn from:

• Basic definitions and constructions: Measure-preserving transformations, the
Poincare Recurrence Theorem, stochastic processes as deterministic dynamical
systems, ergodicity and mixing, Markov chains, skew products, factors and nat-
ural extensions, induced transformations, suspensions and towers.

• Ergodic Theorems: Perron-Frobenius theory, von Neumann’s Mean Ergodic
Theorem, Birkhoff’s Pointwise Ergodic Theorem, measure disintegration, ergodic
decomposition, Kingman’s Subadditive Ergodic Theorem.

• Spectral Theory: the Koopman Operator and the spectral approach to ergodic
theory.

• Low-dimensional Dynamics: the Perron-Frobenius Operator, absolutely con-
tinuous invariant measures for Markov maps, Ulam’s method.

• Entropy: Information content, entropy of a partition, metric entropy, topological
entropy.
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Most topics will be accompanied by numerical investigations on computer and appli-
cations of the theory.

There is no prescribed text for this course. The syllabus will be defined by the content
of the lectures.

References

• A good portion of the theoretical material will be based on the excellent set of
Lecture Notes by Omri Sarig:

http://www.wisdom.weizmann.ac.il/~sarigo/506/ErgodicNotes.pdf

• “An Introduction to Ergodic Theory” by Peter Walters and “Ergodic Theory” by
Karl Petersen are both lucid references for some of the course material.

• “Chaos, Fractals, and Noise: Stochastic Aspects of Dynamics” by Andrzej Lasota
and Michael C. Mackey provides a broad, less detailed account of the theory,
expanding into several adjacent applied areas.

• “Laws of Chaos” by Abraham Boyarsky and Pawel Gora, and “Statistical Proper-
ties of Deterministic Systems” by Jiu Ding and Aihui Zhou may be useful in the
later parts of the course.

Other Matters

Course Evaluation

The School of Mathematics and Statistics evaluates each course each time it is run.
Feedback on the course is gathered, using among other means, UNSWs Course and
Teaching Evaluation and Improvement (CATEI) Process. Student feedback is taken
seriously, and continual improvements are made to the course based in part on such
feedback.

Additional assessment and administrative matters

For information about Additional Assessments and other Administrative matters relat-
ing to your course please consult the School of Mathematics and Statistics web pages
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at http://www.maths.unsw.edu.au/currentstudents/student-services

Plagiarism

Please consult the University of New South Wales web page at

https://student.unsw.edu.au/plagiarism
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