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Abstra ct. The spectra of the second quantization and the symmetric second
quantization of a strict Hilb ert space contraction are computed explicitly and
shown to coincide. As an application, we compute the spectrum of the nonsym-
metric Ornstein-Uhlen beck operator L associated with the in�nite-dimensional
Langevin equation

dU(t) = AU (t) dt + dW (t)

where A is the generator of a strongly contin uous semigroup on a Banach space
E and W is a cylindrical Wiener processin E . Assuming the existence of an
invariant measure � for L , under suitable assumptions on A we show that the
spectrum of L in the space L p (E ; � ) (1 < p < 1 ) is given by

� (L ) =
n nX

j =1

k j zj : k j 2 N; zj 2 � (A 1 ); j = 1; : : : ; n; n > 1
o

;

where A 1 is the generator of a Hilb ert spacecontraction semigroup canonically
associated with A and � . We prove that the assumptions on A are always
satis�ed in the strong Feller case and in the �nite-dimensional case. In the
latter casewe recover the recent Metafune-P allara-Priola formula for � (L ).

1. Intr oduction

There has been a considerablerecent interest in the spectral theory of second
order elliptic operators L of the form

(1.1) L� (x) = 1
2 Tr (Q(x)D 2� (x)) + hA(x); D � (x)i (x 2 E)

with unbounded drift term A on a �nite or in�nite dimensional spaceE; seefor
example [12, 18, 19, 20]. In many situations L admits a unique invariant measure
� , in which caseit is natural to considerthe realization of L in the spaceL p(E ; � );
see[1, 4, 8, 11] and the referencescited there. Even in spacedimension one this
classof operators is not completely understood at present.

In this paper we consider the caseof nonsymmetric Ornstein-Uhlenbeck oper-
ators, i.e., the special caseof (1.1) where Q(x) = Q (the `di�usion') is a �xed
positive symmetric operator from E � into E and A(x) = Ax with A (the `drift')
an in�nitesimal generator of a strongly continuous semigroup of operators on E.
The state spaceE is allowed to be an arbitrary real Banach space,the operator
Q is not assumedto have �nite trace and the operator A may be unbounded. We
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do not assumethat L is symmetric. Nonsymmetric Ornstein-Uhlenbeck operators
arise, e.g., in Nonequilibrium Statistical Physics [5] and in the theory of stochastic
partial di�eren tial equations; cf. [10, 11] and the referencescited there.

Assuming the existenceof an invariant measure� for L , our aim is to determine
the spectrum of L in L p(E ; � ) for p 2 (1; 1 ). Let us recall that in E = Rd, the
`classical'Ornstein-Uhlenbeck operator with Q = I and A = � I ,

L� (x) = 1
2 � � (x) � hx; r � (x)i (x 2 Rd)

which arisesin Quantum Field Theory as the bosonnumber operator, hasa unique
Gaussianinvariant measure� and the L p(Rd; � )-spectrum of L is given by

� (L ) = f� n : n 2 Ng

where N = f 0; 1; 2; : : : g. This formula is an easyconsequenceof the description of
L as a secondquantized operator [17, 22, 25] and can be extended without much
di�cult y to the casewhere E is a Hilb ert spaceand A is selfadjoint with compact
resolvent. The nonsymmetric case is considerably more di�cult, however, even
for E = Rd. Under suitable nondegeneracyassumptionsit was shown recently by
Metafune, Pallara and Priola [19] that in the caseof E = Rd we have

(1.2) � (L ) =
n nX

i =1

kj zj : kj 2 N; zj 2 � (A); j = 1; : : : ; n; n > 1
o

:

Their proof dependson a careful analysisof the smoothing e�ects of the transition
semigroupP = f P(t)gt > 0 generatedby L . We will give a completely di�eren t proof
of an in�nite dimensional version of (1.2) which instead exploits the fact that the
transition semigroupcanberepresented asthe symmetric secondquantization of the
adjoint of an appropriate nonsymmetric contraction semigroup S1 = f S1 (t)gt > 0

acting on the reproducing kernel Hilb ert spaceof the invariant measure� . The
crucial step in this approach is to obtain a formula for the spectrum of the symmetric
secondquantization of Hilb ert spacecontractions T. For strict contractions T this
problem is solved completely. The main di�cult y consists of showing that the
spectra of the n-fold tensor product and the symmetric n-fold tensor product of T
coincide and are given by

� (T s
 n ) = � (T 
 n ) =
n nY

j =1

zj : zj 2 � (T ); j = 1; : : : ; n
o

;

the secondequality being a classical result due to Brown and Pearcy [6]. This
easily implies equality of the spectra of the secondquantization and the symmetric
secondquantization of T :

� (� s
 (T )) = � (�( T )) = f 1g [
[

n > 1

n nY

j =1

zj : zj 2 � (T ); j = 1; : : : ; n
o

:

As a result we are able to compute the spectra of the operators P(t) in L 2(E ; � )
under the assumption that S1 is a semigroupof strict contractions. By combining
thesearguments with standard hypercontractivit y results we obtain the spectra of
P(t) in L p(E ; � ) for all p 2 (1; 1 ). The spectrum of L in L p(E ; � ) is then obtained
via spectral mapping techniques. For this step we require that, in addition to being
strictly contractiv e, S1 is alsoeventually norm continuous. Our main result asserts
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that under theseassumptions(which are shown to be automatically satis�ed in two
important cases:the strong Feller caseand the �nite dimensional case),we have

� (L ) =
n nX

i =1

kj zj : kj 2 N; zj 2 � (A1 ); j = 1; : : : ; n; n > 1
o

:

Here, A1 denotesthe generator of the semigroupS1 . If S1 is compact (which is
the casein the strong Feller caseand in �nite dimensions),no closureneedsto be
taken and we obtain

(1.3) � (L ) =
n nX

i =1

kj zj : kj 2 N; zj 2 � (A1 ); j = 1; : : : ; n; n > 1
o

:

In �nite dimensions, under a nondegeneracyassumption we have � (A1 ) = � (A)
and (1.3) reducesto the Metafune-Pallara-Priola formula (1.2).

Acknowledgments- This work wasdonewhile the author stayedat the University
of New South Wales. He thanks his colleaguesat the School of Mathematics,
especially Ben Goldys and Ian Doust, for their kind hospitalit y. This paper owesits
existenceto the numerousinspiring discussionswith Ben Goldys who also pointed
out the crucial references[16] and [23]. The author thanks Marco Furhman and
Silvania Pereira for helpful comments.

2. Preliminaries

In this sectionwe collect somewell known results on spectra, strongly continuous
semigroups,and reproducing kernel Hilb ert spaces.For more detailed information
we refer to [2], [3] and [13].

2.1. Spectral theory. Let X be a real or complex Banach space. The spectrum
and resolvent setof a boundedor unboundedlinear operator T on X will bedenoted
by � (T ) and %(T), respectively. The spectral radius of a bounded operator T is
denoted by r (T). When X is a real Banach space,the spectrum of T is de�ned as
the spectrum of its complexi�cation.

The following result is true in the more generalcontext of Banach algebras. By
� (K ; L ) we denote the Hausdor� distance betweenthe compact setsK ; L � C.

Lemma 2.1 ([2, Theorem 3.4.1]). For any two bounded operators S and T on X
satisfying ST = TS we have

� (� (S); � (T )) 6 r (S � T):

We will apply this result in the following situation. Let (X n )n > 0 be a sequence
of nonzerocomplemented subspacesof X such that X n \ X m = f 0g for all n; m > 0
with n 6= m. Let (� n )n > 0 be a corresponding sequenceof projections. For each
n > 0 let Pn := � n

j =0 � j . Let T be a bounded operator on X which commutes
with each Pn . We de�ne operators Tn on X and Sn on X n by Tn := T � Pn and
Sn := T jX n :

Prop osition 2.2. Under the above assumptions,if

(2.1) lim
n !1

kT � Tn k = 0;
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then

(2.2) � (T ) =
1[

n =0

� (Tn ) =
1[

n =0

� (Sn ):

Proof. Let Yn := kerPn = (I � Pn )X . Then we have a direct sum decomposition
X = X 0 � � � � � X n � Yn , relative to which we have Tn = S0 � � � � � Sn � 0. From
this we easily infer that � (Tn ) = f 0g[

S n
j =0 � (Sj ): Moreover, from limn !1 kSn k =

limn !1 kTn � Tn � 1k = 0 we obtain that 0 2
S

n > 0 � (Sn ). The secondidentit y
in (2.2) immediately follows. The inclusion �̀ ' in the �rst identit y follows from
(2.1) and Lemma 2.1, while the inclusion �̀ ' follows from the obvious inclusions
� (Tn ) � � (T ). �

An alternativ e proof of this result could be given with the Banach algebra tech-
niquesdeveloped in [23].

Let X and Y be Banach spacesand let X b
 Y denote the completion of X 
 Y
with respect to a uniform crossnorm. If S and T are bounded operators on X and
Y respectively, then the operator S 
 T de�ned on X 
 Y

(S 
 T)(x 
 y) := (Sx 
 Ty)

uniquely extendsto a boundedoperator Sb
 T on X b
 Y of norm kSb
 Tk 6 kSk kTk.
The spectrum of Sb
 T is given by the following result, due to Schechter [24]. We
will only needthe Hilb ert spaceversion of it, which was obtained earlier by Brown
and Pearcy [6].

Lemma 2.3. We have � (Sb
 T) = f � � � : � 2 � (S); � 2 � (T )g:

We continue with a brief discussionon the �ne structure of the spectrum. The
point spectrum of a bounded operator T is the set � p (T ) of its eigenvalues. The
approximate point spectrum of T is the set � a(T ) = C nC, where C is the set of all
z 2 C for which there is a constant c > 0 with k(z � T )xk > ckxk for all x 2 X .
Notice that z 2 � a(T ) if and only if there exists a sequence(xn )n > 1 of unit vectors
such that lim n !1 zxn � Txn = 0 strongly. Such a sequenceis calledan approximate
eigenvector for z. In particular we seethat � p (T ) � � a(T ). Furthermore we always
have @� (T) � � a(T ); where @� (T) denotesthe topological boundary of � (T ). The
residual point spectrum of T is the set � r (T ) of all z 2 � (T ) for which the range of
z � T is a proper, closedsubspaceof X . It follows from the Hahn-Banach theorem
that every z 2 � r (T ) is an eigenvalue of the adjoint operator T � . Notice that
� (T ) = � a(T ) [ � r (T ) and that the union is disjoint.

2.2. Semigroups of op erators. Let A be the in�nitesimal generatorof a strongly
continuous semigroupT = f T(t)gt > 0 of bounded linear operators on X . The spec-
tral mapping theorem for the point spectrum assertsthat

exp(t � p (A)) = � p (T (t)) n f 0g for all t > 0:

The semigroupT is said to satisfy the spectral mapping theorem if

exp(t � (A)) = � (T (t)) n f 0g for all t > 0:

Every eventually norm continuoussemigroupsatis�es the spectral mapping theorem
[13, Theorem IV.3.10]. Recall that T is eventually norm continuous if there exists
a t0 > 0 such that t 7! T (t) is norm continuous for t > t0. Compact semigroups
and analytic semigroupsare norm continuous for t > 0.
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We will also needthe following result [13, Theorem II.4.18].

Lemma 2.4. If A is the in�nitesimal generator of an eventually norm continuous
semigroup T on X , then for every a 2 R the set

f z 2 C : z 2 � (A); Rez > ag

is bounded.

2.3. Repro ducing kernel Hilb ert spaces. The material of this subsection is
neededin Section 5. Let E be a real Banach spacewith dual E � and let Q 2
L (E � ; E ) be a positive and symmetric linear operator, i.e., we have hQx � ; x � i > 0
for all x � 2 E � and hQx � ; y� i = hQy� ; x � i for all x � ; y� 2 E � . On the range of
Q, the bilinear mapping (Qx � ; Qy� ) 7! hQx � ; y� i de�nes an inner product. The
completion of the range of Q with respect to this inner product is a real Hilb ert
space,the reproducing kernel Hilbert space associated with Q, notation: H Q . The
inclusion mapping from the range of Q into E extends to a continuous inclusion
mapping i Q : HQ ,! E . Upon identifying HQ and its dual in the canonical way we
have the operator identit y

(2.3) Q = i Q � i �
Q :

If Q1; Q2 2 L (E � ; E ) are positive and symmetric operators, then we have H Q1 �
HQ2 as subsetsof E if and only if there exists a constant K > 0 such that

(2.4) hQ1x � ; x � i 6 K hQ2x � ; x � i for all x � 2 E �

in which casethe inclusion mapping H Q1 ,! HQ2 is continuous.
If i : H ,! E is a continuous embedding of a real Hilb ert spaceH into E , then

Q := i � i � is positive and symmetric and its reproducing kernel spaceH Q equals
H . More precisely, the mapping i � x � 7! i �

Q x � de�nes an isometry from H onto H Q

and from i � i � = Q = i Q � i �
Q we have H = HQ as subsetsof E .

Examplesof positive symmetric operators arisenaturally in the theory of Gauss-
ian distributions. Recall that if 
 is a centred GaussianRadon measureon E, then
there exists a unique positive and symmetric operator Q
 2 L (E � ; E ), the covari-
ance operator of 
 , such that the Fourier transform of 
 is given by

b
 (x � ) :=
Z

E
exp(� i hx; x � i ) d
 (x) = exp(� 1

2 hQ
 x � ; x � i ) for all x � 2 E � :

In this situation the reproducing kernel Hilb ert spaceH 
 := HQ 
 is separable,the
embedding i 
 : H 
 ,! E is compact, and we have 
 (H 
 ) = 1, the closure being
taken with respect to the norm of E .

3. The spectr um of second quantized opera tors

Let H be a nonzerocomplex Hilb ert space.For n > 0 we let H 
 n = H b
 � � � b
 H
be the n-fold Hilb ert tensor product of H , with the understanding that H 
 0 = C.
The Hilb ert spacedirect sum

�( H ) :=
M

n > 0
H 
 n

is called the Fock space over H . The theory of Fock spacesis developed systemati-
cally in [22].
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Given a bounded operator T 2 L (H ), we usethe notation T 
 n = T b
 � � � b
 T 2
L (H 
 n ), with the understanding that T 
 0 = I . For later usewe note that for all
S;T 2 L (H ) and all n > 1 we have

(3.1) kT 
 n kL (H 
 n ) = kTkn

and, by a simple telescopingargument,

(3.2) kT 
 n � S
 n kL (H 
 n ) 6 kT � Sk �
n � 1X

j =0

kSkj kTkn � 1� j :

If T is a contraction, the direct sum operator

�( T ) :=
M

n > 0
T 
 n

is well de�ned and de�nes a contraction on �( H ). This operator is called the second
quantization of T . We have the following algebraic relations:

(3.3) �( I ) = I ; �( T1T2) = �( T1)�( T2); �( T � ) = (�( T )) � :

Prop osition 3.1. If kTk < 1, then

� (�( T )) = f 1g [
[

n > 1

n nY

j =1

zj : zj 2 � (T ); j = 1; : : : ; n
o

:

Proof. Clearly, � (T 
 0) = f 1g, whereasfor n > 1 by repeatedapplication of Lemma
2.3 we have

(3.4) � (T 
 n ) =
n nY

j =1

zj : zj 2 � (T ); j = 1; : : : ; n
o

:

If kTk < 1, then from (3.1) we seethat the sum de�ning �( T ) convergesin the
operator norm. Hence,by Proposition 2.2,

� (�( T )) = f 1g [
[

n > 1

n nY

j =1

zj : zj 2 � (T ); j = 1; : : : ; n
o

:

But from r (T) 6 kTk < 1 we seethat 1 is an isolated point of � (�( T )). �

For our applications in the next sectionswe will be interested in the symmetric
Fock space over H . This is the Hilb ert spacedirect sum

� s
 (H ) :=
M

n > 0
H s
 n ;

whereH s
 n denotesthe closedsubspaceof H 
 n spannedby all symmetric n-tensors,
again with the understanding that H s
 0 = C. If T is a bounded operator on H ,
then T 
 n maps H s
 n into itself. The restriction of T 
 n to H s
 n will be denotedby
T s
 n . If T is a contraction, we de�ne the symmetric second quantization of T by

� s
 (T ) :=
M

n > 0
T s
 n :

Of course,� s
 (T ) is just the restriction of �( T ) to � s
 (H ). The algebraic relations
(3.3) carry over in the obvious way.
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Let Sn denote the permutation group on n elements. Given an element h 2 H ,
the creation operators ay

n (h) : H s
 n ! H s
 (n +1) are de�ned by

ay
n (h)

X

� 2 Sn

g� (1) 
 � � � 
 g� (n )

:=
1

p
n + 1

X

� 2 Sn

n +1X

m =1

g� (1) 
 � � � 
 g� (m � 1) 
 h 
 g� (m ) 
 � � � 
 g� (n ) ;

and the annihilation operators an +1 (h) : H s
 (n +1) ! H s
 n by

an +1 (h)
X

� 2 Sn +1

g� (1) 
 � � � 
 g� (n +1)

:=
1

p
n + 1

X

� 2 Sn +1

n +1X

m =1

[g� (m ) ; h]H g� (1) 
 � � � 
 g� (m � 1) 
 g� (m +1) 
 � � � 
 g� (n +1) :

Theseoperators well de�ned and bounded, and their operator norms bounded by

(3.5) kay
n kL (H s
 n ;H s
 ( n +1) ) = kan +1 (h)kL (H s
 ( n +1) ;H s
 n ) 6 Cn khk

with constants Cn depending on n only. The �rst equality follows from the dualit y
relations

(3.6) ay�
n (h) = an +1 :

Furthermore, we have the commutation relations

(3.7) an +2 (h)ay
n +1 (h) � ay

n (h)an +1 (h) = khk2I :

For the proofs we refer to [22]. An obvious consequenceof (3.6) and (3.7) is the
lower bound

(3.8) kay
n (h)gk2

H s
 ( n +1) > kgk2
H s
 n khk2:

We will need the following result from the theory of several complex variables,
known as Hartog's theorem [15, page106], cf. also [23, Lemma 2]:

Lemma 3.2. Let K be a bounded set in Cn , n > 2, and supposethat f is analytic
in a neighbourhood of K . If f (p) = z for some point p 2 K , then there exists a
point p0 2 @K , the topological boundary of K , such that f (p0) = z.

We are now in a position to prove the following result.

Theorem 3.3. For all n > 0 we have

� (T s
 n ) = � (T 
 n ) =
n nY

j =1

zj : zj 2 � (T ); j = 1; : : : ; n
o

:

In the proof below, and in the rest of the paper, we economizeon brackets; for
instance, T s
 n � means(T s
 n )� and T � s
 n means(T � ) s
 n .

Proof. The secondequality has already been noted in (3.4), so we concentrate on
the proof that � (T s
 n ) = � (T 
 n ). For n = 0 this is trivial, so we �x n > 1.

In order to prove the inclusion � (T s
 n ) � � (T 
 n ) it su�ces to check that T 
 n

maps (H s
 n )? into itself. For any elementary symmetric tensor h 2 H s
 n , say

h =
X

� 2 Sn

h� (1) 
 � � � 
 h� (n ) ;
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and any element x 2 H 
 n we have

(3.9) [h; T 
 n x]H 
 n =
h X

� 2 Sn

T � h� (1) 
 � � � 
 T � h� (n ) ; x
i

H 
 n
= [T �
 n h; x]H 
 n :

Clearly, H s
 n is invariant under T �
 n , and therefore for x 2 (H s
 n )? we obtain
[h; T 
 n x]H 
 n = [T �
 n h; x]H 
 n = 0: Thus, T 
 n x 2 (H s
 n )? .

Next we prove the inclusion � (T 
 n ) � � (T s
 n ). We proceedby induction on
n, the casen = 1 being trivial since T 
 1 = T s
 1 = T. Assume that we already
know that � (T 
 n ) � � (T s
 n ) and �x z 2 � (T 
 (n +1) ). We have to show that
z 2 � (T s
 (n +1) ).

Noting that T 
 (n +1) = T 
 n b
 T , by Lemma 2.3 we have z = � � � with � 2
� (T 
 n ) � � (T s
 n ) and � 2 � (T ). By Lemma 3.2 we may assumethat (� ; � ) 2
@(� (T s
 n ) � � (T )), so � 2 @� (T s
 n ) or � 2 @� (T).

Case 1: Assumethat � 2 @� (T s
 n ) and � 2 � a(T ). Since boundary spectrum
belongsto the approximate point spectrum we have � 2 � a(T s
 n ). Let (gk )k> 1 and
(hk )k> 1 be corresponding approximate eigenvectors for T s
 n and T, respectively.
From T s
 (n +1) ay

n (hk )gk = ay
n (Thk )T s
 n gk we have

kT s
 (n +1) ay
n (hk )gk � � � ay

n (hk )gk kH s
 ( n +1)

6 kay
n (Thk )T s
 n gk � � ay

n (Thk )gk kH s
 ( n +1)

+ k� ay
n (Thk )gk � � � ay

n (hk )Tgk kH s
 ( n +1)

= kay
n (Thk )(T s
 n gk � � gk )kH s
 ( n +1) + j� j kay

n (Thk � � hk )gk kH s
 ( n +1) :

Hence,by (3.5) and sinceby assumption we have kgk kH s
 n = khk k = 1,

lim
k !1

kT s
 (n +1) ay
n (hk )gk � � � ay

n (hk )gk kH s
 ( n +1) = 0:

Moreover, by (3.8),

kay
n (hk )gk kH s
 ( n +1) > kgk kH s
 n khk k = 1:

Since by (3.5) the sequence(ay
n (hk )gk )k> 1 is also bounded, upon normalizing we

obtain an approximate eigenvector for T s
 (n +1) with approximate eigenvalue z =
� � � .

Case 2: Assume that � 2 @� (T s
 n ) and � 2 � r (T ). Then also � 2 @� (T s
 n � )
and hence � 2 � a(T s
 n � ) = � a(T � s
 n ). Also, � 2 � a(T � ), and therefore z 2
� a(T � s
 (n +1) ) = � a(T s
 (n +1) � ) � � (T s
 (n +1) ) as in Case 1. Here we used that
for all k > 1 we have T s
 k � = T � s
 k by (3.9).

Case3: If � 2 � a(T s
 n ) and � 2 @� (T) we proceedas in Case1.
Case4: If � 2 � r (T s
 n ) and � 2 @� (T) we proceedas in Case2. �

Arguing as in the proof of Proposition 3.1 we now obtain:

Theorem 3.4. If kTk < 1, then

� (� s
 (T )) = � (�( T )) = f 1g [
[

n > 1

n nY

j =1

zj : zj 2 � (T ); j = 1; : : : ; n
o

:

If T is compact, this result simpli�es as follows:



SPECTR UM OF ORNSTEIN-UHLENBECK OPERA TORS 9

Corollary 3.5. If T is compact and satis�es kTk < 1, then

� (� s
 (T )) = � (�( T )) = f 0g [ f 1g [
[

n > 1

n nY

j =1

zj : zj 2 � (T ); j = 1; : : : ; n
o

:

Proof. We have already seenthat � (� s
 (T )) = � (�( T )); for the secondidentit y we
have to show that 0 2 � (�( T )) and to prove the inclusion �̀ '.

From kTk < 1 and � (T ) 6= ? we seethat 0 is in the closureof
S

n > 1

� Q n
j =1 zj :

zj 2 � (T ); j = 1; : : : ; n
	

. Hence,0 2 � (�( T )) by Proposition 3.1.
From (3.1) and the compactnessof T 
 n we seethat �( T ) is compact. Hence,

� (�( T )) n f 0g = � p (�( T )) n f 0g. Let z 2 � (�( T )) n f 0g be arbitrary and choosean
eigenvector x for z. Then for all n > 1 we have

T 
 n Pn x = Pn �( T )x = z Pn x;

where Pn denotesthe orthogonal projection in �( H ) onto
L

06 j 6 n H 
 j . For suf-
�cien tly large n we have Pn x 6= 0, and for those n we conclude that z 2 � p (T 
 n ).
In particular we seethat z =

Q n
j =1 zj for certain zj 2 � (T ). �

4. The L p-spectr um of second quantized contra ction semigr oup
genera tors

Throughout this section we �x an arbitrary real Banach spaceE and a centred
GaussianRadon measure
 on E. Let H 
 denote the reproducing kernel Hilb ert
spaceof 
 and let i 
 : H 
 ,! E be the associated embedding. Since 
 (H 
 ) = 1,
when consideringthe spacesL p(E ; 
 ) there will be no lossof generality in assuming
that 
 is nondegenerate, by which we mean that H 
 is densein E .

Let H := H 
 ;C be the complexi�cation of H 
 . It is well known that the complex
Hilb ert spaceL 2(E ; 
 ) is canonically isometrically isomorphic to the symmetric
Fock space� s
 (H ). We will describe this isometry brie
y here; for a more detailed
discussionwe refer to [17]. Each element h 2 H 
 of the form h = i �


 x � de�nes a
real-valued function � h 2 L 2(E ; 
 ) by � h (x) := hx; x � i and we have

k� h k2
L 2 (E ;
 ) =

Z

E
hx; x � i 2 d
 (x) = ki � x � k2

H 

:

Since i �

 has dense range in H 
 , the mapping h 7! � h uniquely extends to an

isometry from H 
 into the real part of L 2(E ; 
 ). By complexi�cation we obtain an
isometry h 7! � h from H into L 2(E ; 
 ). Using this isometry, for each n > 1 we
de�ne H 6 n asthe closedsubspaceof L 2(E ; 
 ) spannedby the constant onefunction
1 and all products � h1 � : : :� � hm of order 1 6 m 6 n, whereh1; : : : ; hn 2 H . We then
let H 0 := C1 and de�ne, for n > 1, the spaceH n as the orthogonal complement
of H 6 n � 1 in H 6 n . The complex form of the Wiener-It ô decomposition theorem
assertsthat we have an orthogonal direct sum decomposition

L 2(E ; 
 ) =
M

n > 0

H n :

The spaceH n is usually referred to as the n-th Wiener-It ô chaos. Denoting by I n

the orthogonal projection in L 2(E ; 
 ) onto H n , it is not di�cult to show that

hI n (� h1 : : : � hn ); I n (� k1 : : : � kn )i =
X

� 2 Sn

[h1; k� (1) ]H : : : [hn ; k� (n ) ]H :
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This showsthat H n is canonically isometric to H s
 n asa Hilb ert space,the isometry
being given explicitly by

I n (� h1 � � � � � � hn ) 7!
1

p
n!

X

� 2 Sn

h� (1) 
 � � � 
 h� (n ) :

Thus the Wiener-It ô decomposition induces a canonical isometry of L 2(E ; 
 ) and
the symmetric Fock space� s
 (H ).

Let us now assumethat A is the in�nitesimal generatorof a strongly continuous
semigroupof contractions S = f S(t)gt > 0 on H . We denote by P2 = f P2(t)gt > 0 its
symmetric secondquantization:

P2(t) = � s
 (S(t)) :

By the isometry just described,P2 inducesa semigroupof contractions, alsodenoted
by P2, on L 2(E ; 
 ). SinceP2 is strongly continuous on each H n , it follows that P2

is strongly continuous on L 2(E ; 
 ). In fact, P2 is doubly Markovian and therefore
P2 extendsuniquely to a strongly continuoussemigroupof contractions on L p(E ; 
 )
for every p 2 [1; 1 ); cf. [25].

Lemma 4.1. If t 7! S(t) is norm continuous for t > t0 and S(t) is a strict
contraction for t > s0, then for every p 2 (1; 1 ), t 7! Pp(t) is norm continuous for
t > maxf t0; s0g.

Proof. First we consider the casep = 2. By (3.2), for each n > 1 the restriction
P2;n of P2 to H n is contractiv e and norm continuousfor t > t0. For t > s0, by (3.1)
we have P2(t) =

P
n > 0 P2;n (t) with convergencein the operator norm, uniformly

on [s;1 ) for every s > s0. Hence, for t > maxf t0; s0g the function t 7! P2(t) is
norm continuous, sinceon this interval it is the locally uniform limit of a sequence
norm continuous functions.

Next we take p 2 (1; 2) and usethe fact that kP1(t) � P1(s)kL (L 1 (E ;
 )) 6 2 and
the Riesz-Thorin interpolation theorem to �nd that

kPp(t) � Pp(s)kL (L p (E ;
 )) 6 21� � p kP2(t) � P2(s)k� p

L (L 2 (E ;
 ))

where(1� � p)+ 1
2 � p = 1

p . For p 2 (2; 1 ) weproceedsimilarly, this time interpolating

betweenL 2(E ; 
 ) and L p0
(E ; 
 ) with p0 2 (p;1 ). �

In the next lemma we need some further results about the spacesL p(E ; 
 ).
We refer to [17] for the proofs, which are based on standard hypercontractivit y
arguments. For all p 2 (1; 1 ) and n > 0 wehaveH n � L p(E ; 
 ) and the restrictions
of the L 2(E ; 
 )-norm and the L p(E ; 
 )-norm are equivalent on H n . Furthermore,
the orthogonal projections I n in L 2(E ; 
 ) onto H n extend uniquely to projections
I p;n in L p(E ; 
 ) onto H n . As a subspaceof L p(E ; 
 ), H n will be denoted by H p;n .
By the observations just made, each H p;n is complemented in L p(E ; 
 ).

Lemma 4.2. For all p 2 (1; 1 ) there is a constant � p 2 (0; 1] such that for all
n > 1 and t > 0 we have

kPp;n (t)kL (H p;n ) 6 kS(t)kn� p :

As a consequence we have

(4.1) Pp(t) =
X

n > 0

Pp;n (t);
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the convergence being in the operator norm, uniformly on [t0; 1 ) for all t0 > 0.

Proof. Fix t > 0. For p = 2 we may take � p = 1. For p 2 (1; 2), choosep0 2 (1; p)
and recall that Pp0 is a contraction semigroupon L p0

(E ; 
 ). In particular, by taking
restrictions, we seethat kPp0;n (t)kL (H p 0;n ) 6 1 for all n > 1. Since we also have
kP2;n (t)kL (H n ) = kS(t)kn ; for p 2 (1; 2) the result now follows by interpolation;
notice that (H n ; H p0;n )� p = H p;n with 1

p0 (1 � � p) + 1
2 � p = 1

p . For p 2 (2; 1 ) we
proceedsimilarly, this time interpolation betweenH n and H p0;n with p0 2 (p;1 ).

By the estimate just proved, the seriesin (4.1)
P

n > 0 Pp;n (t) convergesin the
operator norm, uniformly on [t0; 1 ) for every t0 > 0. Moreover, on the dense
subspacespannedby the spacesH p;n the sum equalsPp(t). This proves(4.1). �

The in�nitesimal generatorsof the semigroupsPp and Pp;n will be denoted by
L p and L p;n , respectively. We are now ready to state and prove the main result of
this section. Let us call a strongly continuous semigroup T strictly contractive if
kT(t)k < 1 for all t > 0.

Theorem 4.3. Let p 2 (1; 1 ). If S is strictly contractive and eventually norm
continuous, then

(4.2)

� (L p;0) = f 0g;

� (L p;n ) =
n nX

j =1

� j : � j 2 � (A); j = 1; : : : ; n
o

(n > 1);

and

(4.3)

� (L p) = f 0g [
[

n > 1

n nX

j =1

� j : � j 2 � (A); j = 1; : : : ; n
o

=
n nX

j =1

kj zj : kj 2 N; zj 2 � (A); j = 1; : : : ; n; n > 1
o

:

Proof. Let p 2 (1; 1 ) be �xed.
It is clear that � (L p;0) = f 0g, so let us �x n > 1.
From Theorem 3.3, Lemma 4.1, and the spectral mapping theorem for eventually

norm continuous semigroups,�rst applied to Pp;n and then to S, we obtain that
for all t > 0,

(4.4)

exp
�
t � (L p;n )

�
= � (Pp;n (t)) n f 0g

=
n nY

j =1

zj : zj 2 � (S(t)); j = 1; : : : ; n
o

n f 0g

=
n nY

j =1

zj : zj 2 � (S(t)) n f 0g; j = 1; : : : ; n
o

=
n nY

j =1

exp(t� j ) : � j 2 � (A); j = 1; : : : ; n
o

=
n

exp
�

t
nX

j =1

� j

�
: � j 2 � (A); j = 1; : : : ; n

o
:
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In order to obtain the corresponding equality for � (L p) we �rst check that for all
t > 0,

(4.5) � (Pp(t)) = f 1g [
[

n > 1

n nY

j =1

zj : zj 2 � (S(t)); j = 1; : : : ; n
o

:

Clearly this holds for t = 0, and for �xed t > 0 this follows from Proposition 2.2,
Theorem3.3, (4.1), and the fact that H n = H p;n with equivalent norms. Repeating
the argument of (4.4) we obtain

(4.6) exp
�
t � (L p)

�
= f 1g [

[

n > 1

n
exp

�
t

nX

j =1

� j

�
: � j 2 � (A); j = 1; : : : ; n

o
n f 0g:

Let

Bn =
n nX

j =1

� j : � j 2 � (A); j = 1; : : : ; n
o

(n > 1)

and

B :=
[

n > 1

n nX

j =1

� j : � j 2 � (A); j = 1; : : : ; n
o

:

For (4.2) we have to prove the inclusionsBn � � (L p;n ) and � (L p;n ) � Bn ; for (4.3)
we have to prove the inclusions B � � (L p) (the inclusion f 0g � � (L ) being trivial)
and � (L p) n f 0g � B . We shall prove the latter two; the former two are proved in
the sameway. We adapt an argument from [16].

� B � � (L p):
Since � (L p) is closed, it su�ces to prove that B � � (L p). Fix an arbitrary

� 2 B , say � =
P n

j =1 � j with n > 1 and � j 2 � (A) (j = 1; : : : ; n). By (4.6), for
every t > 0 we �nd an element � (t) 2 � (L p) and integer N (t) 2 Z such that

(4.7) � = 2� it � 1N (t) + � (t):

From Re� (t) = Re� and Lemma 2.4 we seethat there is a constant C > 0 such that
jIm � (t)j 6 C for all t > 0. Comparing imaginary parts in (4.7) and letting t # 0 we
seethat N (t) = 0 for small enought. For those t we then have � = � (t) 2 � (L p).

� � (L p) n f 0g � B :
The proof proceedsalong the same lines, but extra care is neededto control

the number of terms occurring in the sums de�ning the elements of B . Fix z 2
� (L p) n f 0g. Since kS(t)k < 1 for all t > 0, standard arguments from semigroup
theory imply that S is uniformly exponentially stable. Choose! > 0 and M > 1
such that kS(t)k 6 M e� ! t for all t > 0. Then, � (A) � f � 2 C : Re� 6 � ! g.
Together with (4.6) this implies that Rez 6 � ! . By Lemma 2.4, there exists a
constant C > 1 such that for every w 2 � (A) satisfying Rew > 2Rez we have
jIm wj 6 C. In particular,

(4.8) jIm zj 6 C:

For reasonsthat will becomeclear in a moment we�x t0 > 0 subject to the condition
that

2� t � 1
0 > C

�
1 + 1

! jRezj
�
:

Choose0 < " < 1 so small that

(4.9) 2� t � 1
0 > C

�
1 + ( 1+ "

! + ")jRezj
�
:
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Fix 0 < t < t0 arbitrary . By (4.6) there exists a sequenceof complex numbers
(zk (t)) k> 1 such that

(4.10) lim
k !1

zk (t) = z

with exp
�
tzk (t)) 2 exp(tB ) for all k. Most of the remaining argument is devoted

to proving that zk (t) 2 B for all su�cien tly large k.
Choosek0(t) so large that

(4.11) jzk (t) � zj 6 " jRezj

for all k > k0(t). Fix k > k0(t) and notice that, by (4.11) and the fact that
0 < " < 1,

(4.12) Rezk (t) > 2Rez:

Chooseintegersnk (t) > 1 and Nk (t) 2 Z such that

(4.13) zk (t) = 2� it � 1 Nk (t) +
n k ( t )X

j =1

� j;k (t)

with all � j;k (t) in � (A). Note that for all j ,

(4.14) Re� j;k (t) 6 � !

and hence,by (4.13),

(4.15) Rezk (t) 6 � nk (t)! :

Also notice that from (4.12), (4.13), and (4.14),

(4.16) Re� j;k (t) > 2Rez:

From (4.11) and (4.15) we deducethat

nk (t)! 6 jRezk (t)j 6 (1 + ")jRezj:

By (4.16) and the choice of C we have jIm � j;k (t)j 6 C and therefore, by (4.8),
(4.11), (4.13), (4.16), and the fact that C > 1,

(4.17)

C > jIm zj > jIm zk j � "C jRezj

> 2� t � 1 Nk (t) � Cnk (t) � "C jRezj

> 2� t � 1 Nk (t) � (1 + ")CjRezj=! � "C jRezj:

If Nk (t) werenonzero,then Nk (t) > 1 and in view of 0 < t < t0 the right hand side
would be strictly greater than

(4.18) 2� t � 1
0 � (1 + ")CjRezj=! � "C jRezj > C;

where the inequality follows from the choice of " . By comparing (4.17) and (4.18)
we seethat we have arrived at a contradiction. Thus, N k (t) = 0 and therefore,
zk (t) =

P n k ( t )
j =1 � j;k (t): It follows that zk (t) 2 B :

So far, k > k0(t) was �xed. By letting k ! 1 and recalling (4.10) we obtain
z 2 B . �

If the eventual norm continuit y assumption is strengthened to eventual com-
pactness,there is no need to take the closure in (4.3). This is the content of the
following semigroupanalogueof Corollary 3.5:
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Corollary 4.4. Let p 2 (1; 1 ). If S is strictly contractive and eventually compact,
then Pp is eventually compact and

� (L p) =
n nX

j =1

kj zj : kj 2 N; zj 2 � (A); j = 1; : : : ; n; n > 1
o

:

Proof. Let S(t) be compact for t > t0. Since H n = H p;n with equivalent norms
and since T s
 n is compact whenever T is, the operators Pp;n (t) are compact for
t > t0. The expansion (4.1) then shows that Pp(t) is compact for t > t0. Hence
by the spectral mapping theorem for the point spectrum, � (L p) consistsof isolated
eigenvaluesand the result follows from Theorem 4.3. �

5. The L p-spectr um of Ornstein-Uhlenbeck opera tors

Let E be a real Banach space, let A be in�nitesimal generator of a strongly
continuous semigroup S = f S(t)gt > 0 on E, and let Q 2 L (E � ; E ) be a positive
and symmetric operator. In this section we shall apply our abstract results to the
Ornstein-Uhlenbeck operator L , given on a suitable coreof cylindrical functions by

(5.1) Lf (x) := 1
2 Tr (QD 2f (x)) + hAx; D f i (x 2 E)

where D denotesthe Fr�echet derivative. The operator L arisesas the in�nitesimal
generatorof the transition semigroupof the Markov processf Ux (t)gt > 0 that solves
the stochastic linear evolution equation

(5.2)
dU(t) = AU (t) dt + dWQ (t) (t > 0)

U(0) = x

where WQ is a cylindrical Q-Wiener processin E ; cf. [7, 10].
For t > 0 we de�ne the positive symmetric operators Qt 2 L (E � ; E ) by

Qt x � :=
Z t

0
S(s)QS� (s)x � ds (x � 2 E � ):

The right hand side integral is easily shown to exist as a Bochner integral in E .
In order to give a rigorous description of the operator L , unlessotherwise stated
we shall assumein the remainder of this section that the following two hypotheses
hold:

(HQ1 ) The weakoperator limit Q1 := lim t !1 Qt existsin L (E � ; E );
(H� 1 ) The operator Q1 is the covariance of a centred Gaussian

Radon measure� 1 on E.

It will follow from Lemma 5.1 below that there is no lossof generality in assuming
that � 1 is nondegenerate.

Somecomments are in order.

(1) By Hypothesis (HQ1 ), for all x � ; y� 2 E � we have

hQ1 x � ; y� i =
Z 1

0
hS(s)QS� (s)x � ; y� i ds;

the scalar integrals being de�ned in the improper sense. The positivit y
of Q together with a polarization argument imply that these integrals are
actually absolutely convergent.
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(2) Hypothesis (H� 1 ) and a standard tightnessargument imply that each Qt

is the covarianceoperator of a centred GaussianRadon measure� t , and we
have lim t !1 � t = � 1 weakly.

(3) If E is separable,the word `Radon' may be replacedby `Borel'.
(4) If E is a Hilb ert spaceand we identify E and E � in the usual way, then

Hypotheses(HQ1 ) and (H� 1 ) hold if and only if each Qt is of trace class
and supt> 0 Tr Qt < 1 : Furthermore if Hypothesis (HQ1 ) holds, then Hy-
pothesis (H� 1 ) holds if and only if Q1 is of trace class. In particular if
dim E < 1 , then Hypothesis (HQ1 ) implies (H� 1 ).

As is shown in [7, 10], the existenceof the measures� t is equivalent to the exis-
tence of a (necessarilyunique) weak solution f U(t; x)gt > 0 of (5.2). This solution
is Gaussian; the random variable U(t; x) has mean S(t)x and covariance operator
Qt . The solution is also Markovian and its transition semigroupP = f P(t)gt > 0 on
Bb(E ) is given by

P(t)f (x) = E f (U(t; x)) =
Z

E
f (S(t)x + y) d� t (y) (x 2 E; f 2 Bb(E )) :

Here Bb(E ) denotesthe spaceof bounded complex-valued Borel measurablefunc-
tions on E. This semigroupleavesCb(E ), the subspaceof all continuous functions
in Bb(E ), invariant. Although the restricted semigroupgenerallyfails to bestrongly
continuous in the norm topology of Cb(E ), it is strongly continuous in the strict
topology of Cb(E ). This is, by de�nition, the �nest locally convex topology � on
Cb(E ) that agreeswith the compact-open topology on bounded sets. As a result,
the in�nitesimal generatorL of P is well de�ned asa linear operator on the domain

D (L ) =
n

f 2 Cb(E ) : � - lim
t #0

1
t
(P(t)f � f ) exists in Cb(E )

o
:

On a suitable core of cylindrical functions, L is given by (5.1). The measure� 1 is
invariant for L in the sensethat for all t > 0 and f 2 Bb(E ) we have

Z

E
P(t)f (x) d� 1 (x) =

Z

E
f (x) d� 1 (x):

For more details we refer to the survey paper [14].
By standard arguments, the invarianceof � 1 implies that P extendsto a strongly

continuous contraction semigroup Pp on L p(E ; � 1 ) for all p 2 [1; 1 ). The in�ni-
tesimal generatorof Pp will be denotedby L p. In order to establishthe relationship
betweenthesesemigroupsand the onesstudied in the previous section,we describe
next how P2 arisesas a secondquantized semigroup.

Let us denote the reproducing kernel Hilb ert spaceassociated with Q1 by H1

and the embedding H1 ,! E by i 1 . The key fact is the following result, due
to Chojnowska-Michalik and Goldys [9] under some additional assumptions; the
present formulation was given in [21, Theorem 6.2].

Lemma 5.1. Assume Hypothesis (HQ1 ). The space H1 is invariant under the
action of S, and the restriction of S to H 1 , denoted by S1 , is a strongly continuous
semigroup of contractions on H 1 .

By complexi�cation, S1 ;C is a strongly continuoussemigroupof contractions on
H1 ;C, and upon identifying L 2(E ; � 1 ) with � s
 (H1 ;C) as explained in the previ-
ous section we have the following representation of P2, again due to Chojnowska-
Michalik and Goldys [9]; seealso [21, Theorem 6.12]:
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Prop osition 5.2. For all t > 0 we haveP2(t) = � s
 (S�
1 ;C(t)) :

Under this identi�cation, the semigroup Pp agreeswith the one intro duced in
the previous section. As an immediate consequenceof Theorem 4.3, Corollary 4.4,
and Proposition 5.2 we obtain:

Theorem 5.3. If S1 is strictly contractive and eventually norm continuous, then

� (L p) =
n nX

j =1

kj zj : kj 2 N; zj 2 � (A1 ); j = 1; : : : ; n; n > 1
o

:

If in addition S1 is compact, then

� (L p) =
n nX

j =1

kj zj : kj 2 N; zj 2 � (A1 ); j = 1; : : : ; n; n > 1
o

:

Notice that � (L p) dependson � (A1 ) rather than on � (A). This can be under-
stood by observingthat the de�nition of L p dependsnot only on A, but also on Q.
On a deeper level, the abstract results of the previous section show that Theorem
5.3 is in fact completely natural: Theorem 4.3 shows that it can be interpreted as
saying that � (L p) can be computed from the part of L p in the �rst Wiener chaos.
Of course,this limits that practical useof Theorem 5.3 to someextent, asin general
it may be di�cult to compute � (A1 ) from A and Q.

In the next two subsectionswe prove that the assumptions on S1 are auto-
matically satis�ed in two important cases: the strong Feller caseand the �nite-
dimensional case.In both caseswe check the strict contractivit y assumption by an
appeal to the following result, due to Chojnowska-Michalik and Goldys [9]; cf. also
[21, Theorem 6.3].

Lemma 5.4. AssumeHypothesis (HQ1 ) and �x t > 0. Then kS1 (t)kL (H 1 ) < 1
if and only if H t = H1 with equivalent norms.

Here H t is the reproducing kernel Hilb ert spaceassociated with the positive
symmetric operator Qt intro duced in the previous section.

The following example shows that a uniformly exponentially stable semigroup
may fail to be strictly contractiv e even if dim E < 1 , and that even if S1 is
strictly contractiv e it may happen that there exists no constant a > 0 such that
kS1 (t)kL (H 1 ) 6 e� at for all t > 0.

Example 5.5. For ! > 0 we consider the semigroup S( ! ) on E = R2 de�ned by

S( ! ) (t) = e� ! t
� 1 t

0 1

�
: This semigroupis uniformly exponentially stable, but for

each 0 < ! < 1 we have kS( ! ) (t)k > 1 for t > 0 small enough.

Let us now take Q =
� 0 0

0 1

�
: With this choice, the limit Q( ! )

1 = lim t !1 Q( ! )
t

exists for every ! > 0. Taking ! = 1, by the computations in [14, Example 5.5] we
have

kS(1)
1 (t)kL (H (1)

1 ) = e� t � t +
p

t2 + 1
�
:

Thus, S(1)
1 (t) is strictly contractiv e on H (1)

1 but there exists no a > 0 such that
kS(1)

1 (t)kL (H (1)
1 ) 6 e� at for all t > 0.
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5.1. The strong Feller case. Throughout this subsection we assumethe Hy-
potheses(HQ1 ) and (H� 1 ) to hold. The transition semigroup P is said to be
strongly Feller if P(t)f 2 Cb(E ) for all f 2 Bb(E ) and t > 0. We have the following
reproducing kernel Hilb ert spacecharacterization of this property; see[10] and [21,
Corollary 2.3].

Lemma 5.6. The semigroup P is strongly Feller if and only if S(t)E � H t for all
t > 0.

The assumptionson S1 in Theorem 5.3 are satis�ed in the strong Feller case:

Prop osition 5.7. If the transition semigroup P is strongly Feller, then S1 is
compact and strictly contractive.

Proof. By (2.4) we have a continuous inclusion H t ,! H1 ; the inclusion mapping
will be denoted by i t; 1 . Denoting the inclusion mapping H t ,! E by i t , we have
i t = i 1 � i t; 1 :By Lemma 5.6 we have a factorization

(5.3) S1 (t) = i t; 1 � �( t) � i 1 ;

where �( t) is the operator S(t), viewed as an operator from E into H t . Recalling
from Section2 that i 1 is compact, it follows that S1 (t) is compact for every t > 0.

By Lemma 5.4 it remains to prove that for all t > 0 we have H t = H1 with
equivalent norms. We have already seenthat H t ,! H1 with continuous inclusion.
To obtain the reverse inclusion we apply i 1 on both sidesof (5.3) to obtain the
identit y

S(t) � i 1 = i 1 � S1 (t) = i t � �( t) � i 1 :
Together with the identit y Q1 = Qt + S(t)Q1 S� (t), which follows directly from
the de�nitions of Qt and Q1 , for x � 2 E � we obtain

hQ1 x � ; x � i = hQt x � ; x � i + hQ1 S� (t)x � ; S� (t)x � i

= hQt x � ; x � i + [i �
1 S� (t)x � ; i �

1 S� (t)x � ]H 1

= hQt x � ; x � i + [i �
1 � � (t)i �

t x � ; i �
1 � � (t)i �

t x � ]H 1

= hQt x � ; x � i + hQ1 � � (t)i �
t x � ; � � (t)i �

t x � i

6 hQt x � ; x � i + kQ1 kL (E � ;E )k�( t)k2
L (E ;H t ) ki �

t x � k2
H t

=
�
1 + kQ1 kL (E � ;E )k�( t)k2

L (E ;H t )

�
hQt x � ; x � i :

The desired inclusion now follows from (2.4). �

Summarizing our discussionwe have proved:

Theorem 5.8. If the transition semigroup generated by L is strongly Feller, then

� (L p) =
n nX

j =1

kj zj : kj 2 N; zj 2 � (A1 ); j = 1; : : : ; n; n > 1
o

:

5.2. The �nite-dimensional case. We will show next that the assumptionson
S1 in Theorem 5.3 are also satis�ed if dim E < 1 . Since in �nite dimensions
every strongly continuous semigroup is compact, we only have to check the strict
contractivit y assumption.

In the following result wedo not a priori assumeHypothesis(HQ1 ). We identify
E and its dual in the natural way.

Prop osition 5.9. Let dim E < 1 . The following assertionsare equivalent:
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(1) Q1 := lim t !1 Qt exists and Q1 is invertible;
(2) Qt is invertible for all t > 0 and S is uniformly exponentially stable.

In this situation we have H t = H1 = E with equivalent norms and S1 is a strict
contraction semigroup.

Proof. (1)) (2): From rank Q1 = n and lim t !1 Qt = Q1 we have rank Qt = n
for large enough t. For these t we have H t = rangeQt = E. On the other hand,
since the subspacesH t increasewith t and since their dimensionscan make only
�nitely many jumps, there is a time t0 > 0 such that H t = H t 0 for all 0 < t 6 t0.
It then follows from [21, Theorem 1.4] that S(s) maps H t 0 = rangeQt 0 into itself
for all s > 0. The identit y

Qk t 0 = Qt 0 + � � � + S((k � 1)t0)Qt 0 S� ((k � 1)t0)

then implies that

H k t 0 = rangeQk t 0 � rangeQt 0 = H t 0 = H t

for all k > 1. But by the observations already made, for k large enough we have
H k t 0 = E and therefore H t = E for all 0 < t 6 t0. But then we have H t = E for
all t > 0. This meansthat Qt is invertible for all t > 0.

The above arguments show that for all t > 0, H t = H1 = E with equivalent
norms. By Lemma 5.4, the �rst of these identities implies that S1 is a strict
contraction semigroup. The secondof these identities then implies that E can be
renormed in such a way that S is a strict contraction group. In particular, S is
uniformly exponentially stable.

(2)) (1): The existenceof the limit de�ning Q1 is obvious from the uniform
exponential stabilit y of S. The invertibilit y of Q1 follows the inclusion H t � H1 :
the invertibilit y of Qt means that H t = E and therefore we have H 1 = E as
well. �

We cannot resist to present a direct proof of the strict contractivit y of S1 which
is basedon a compactnessargument and elementary spectral theory.

Fix t > 0. We claim that the operator S�
1 ;C(t) cannot have an eigenvalue jzj = 1.

Supposethe contrary and choosean eigenvector h1 + ih 2 2 H1 ;C with h1; h2 2 H1

and kh1 + ih 2kH 1 ; C = 1. Then for all n > 1,

S�
1 ;C(nt )(h1 + ih 2) = zn (h1 + ih 2):

For at least one j 2 f 1; 2g we have a sequencenk ! 1 such that

kS�
1 (nk t)hj k2

H 1
> 1

2

for all k. SinceH1 is �nite-dimensional and the rangeof i �
1 is densein H1 , i �

1 is
a surjection and we can �nd x �

j 2 E � such that i �
1 x �

j = hj . Then,
1
2 6 kS�

1 (nk t)hj k2
H 1

= kS�
1 (nk t)i �

1 x �
j k2

H 1
= ki �

1 S� (nk t)x �
j k2

H 1

=
Z 1

n k t
hS(s)QS� (s)x �

j ; x �
j i ds:

By letting k ! 1 we obtain a contradiction, as the right hand side will tend to 0.
Thuswehaveprovedthat r (S1 ;C(t)) = r (S�

1 ;C(t)) < 1. By Gelfand's formula for
the spectral radius this implies that kS1 ;C(nt )kL (H 1 ; C) < 1 for su�cien tly large
n, and therefore S1 ;C is uniformly exponentially stable. Then S1 is uniformly
exponentially stable as well.
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Let us now assume,for a contradiction, that kS1 (t)kL (H 1 ) = 1. By a compact-
nessargument, we �nd an element h 2 H 1 of norm onesuch that kS1 (t)hkH 1 = 1.
Since S1 is a contraction semigroup, this implies that kS1 (s)hkH 1 = 1 for all
s 2 [0; t]. Di�eren tiating the function s 7! kS1 (s)hk2

H 1
= [S1 (s)h; S1 (s)h]H 1

repeatedly with respect to s and evaluating at s = 0 gives [An
1 h; h]H 1 = 0 for all

n > 1. Hence,for any r > 0,

[S1 (r )h; h]H 1 =
X

n > 0

r n

n!
[An

1 h; h]H 1 = [h; h]H 1 = 1:

But this contradicts the uniform exponential stabilit y of S1 .
In the results so far we could assumewithout lossof generality that � 1 is non-

degenerate,but this was nowhere essential. In our �nal result, the nondegeneracy
is crucial:

Theorem 5.10. If dim E < 1 and � 1 is nondegenerate, then for all p 2 (1; 1 )
we have

� (L p) =
n nX

j =1

kj zj : kj 2 N; zj 2 � (A); j = 1; : : : ; n; n > 1
o

:

Proof. Sincedim E < 1 , the nondegeneracyof � 1 implies the invertibilit y of Q1 .
Consequently we have H 1 = E with equivalent norms, and therefore � (A1 ) =
� (A). The result now follows from the secondpart of Theorem 5.3. �

In [19], Theorem 5.10 was proved under the assumptionsthat dim E < 1 , Qt

is invertible for all t > 0, and S is uniformly exponentially stable. By Proposition
5.9 and the fact that in �nite dimensionsevery positive symmetric operator is a
Gaussiancovariance, theseassumptionsare equivalent to the onesof Theorem 5.10,
viz. the existenceof a nondegenerateinvariant measure.

It was observed in [19] that all generalizedeigenvectors of L p are polynomials.
This fact follows e�ortless from our approach. First, by Theorem 5.3 and compact-
ness,every z 2 � (L p) is an eigenvalue of �nite multiplicit y. If f is a generalized
eigenvector, then for all n su�cien tly large,

P n
j =0 I p;n f is nonzeroand therefore a

generalizedeigenvector as well. But since the generalizedeigenspaceof z is �nite-
dimensional, at most �nitely many I p;n f are nonzero. Hence, f =

P m
k=1 I p;n k f

with each I p;n k f 2 H p;n k . But each H p;n k is the linear span of a �nite set of
polynomials, and therefore f is a polynomial.
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