ON SOME SUM-TO-PRODUCT IDENTITIES

SHAUN COOPER AND MICHAEL HIRSCHHORN

We give new proofs of some sum—to—product identities due to Blecksmith, Brillhart and

Gerst, as well as some other such identities found recently by us.

1. INTRODUCTION AND STATEMENT OF RESULTS
In the first two of a sequence of papers, Blecksmith, Brillhart and Gerst [2,3] give five
pairs of simple and beautiful sum—to—product identities, Theorems 2—6 below. We give
another such in Theorem 1. We do several new things — we prove Theorem 1 (§2), we
show that Theorem 2 follows from Theorem 1 (§3), we present new proofs of Theorems 3
and 4 (§4) and we show that Theorems 5 and 6 follow from Theorems 3 and 4 (§5).

In order to state our results, we must explain some by—now fairly standard notation.

(a;¢)oo = (1 = a)(1 —ag)(1 — ag®) -+,

(a1,a2, ++ ani @)oo = (a159)o0 (025 @)oo~ (An: @)oo
ai,az, - -- 7a/m,.q _ (a/17a/27 aam§Q)oo
b17b27 abn7 s (blabQ; 7bn7Q)OO,

(@)oo = (€5 Q)oo-

We make use of Jacobi’s triple product identity [1, (2.2.10)]

oo

2
(ag,a™" q;q)oe = »_(=1)"a"q™ t7)/2

— 0o
and the quintuple product identity [4,5]
a2q7a_27q, _ = _1\yn.3n_(3n%+n)/2 = _1\n,3n—1_(3n%—n)/2
Phig) =D (-)rag +) (-1)"a® g :

aq,a

—00
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The theorems referred to above are

Theorem 1.

> © 3 5 8

n? 2n? q,q9,9 8
E + E =2 ; ;

q q (q, q4,q7 q )OO
— 00 — 00
N on? 4, 4", q

n 2n ) ) 8

— =2 ; .

E q E q q<q3,q4,q5 Q)OO
— 00 — 00

Theorem 2. [2, Theorem 1]

oo oo

2 2
S NPT ) (D) =2(0)s/ (a4 4% 6% 0" 7% 6 07, %% 47 )
— 00 — 00
s 2 i 2
S0 = (=DM =2q(0)e/ (@7 6% 0" 0 0", 070, 6 670 %) oo
— 00 — 00

Theorem 3. [2, Theorem 3]
it © 2 6 ,10 12
n? 3n? q9,9,49 ,q 12
+ =2 ; ;
_Z;Oq §q (q, @q°, gt )oo
it © 2 6 ,10 12
n? 3n? q9,9,49 ,q 12
g — E =2 ; .
_Ooq _Ooq q(q37q5,q77 ¢ 1 )oo
Theorem 4. [3, Theorem 3]
> o 2 8 10 .12 18 ,20
n? 5n2 q9,9,9 7,9 7,9 ,4 20
+ =2 ; ;
Zq Zq (q, q4,q9, q11,q167q19 q )OO
— 00 — 00
> o 4 6 10 .14 .16 20
n? 5n2 q,9,9 ,9 ,9,4q 20
_ =92 : .
Z_Ooq Z_Ooq q<q3,q7,q87 ¢'%,¢"3,¢'7" 1 )Oo
Theorem 5. [3, Theorem 1]

oo oo
Zan(nH) + Zan(n+1)+1 P (qQ, @, 4,02, 4", ", ¢*%, ¢** q24>
~ ~ ¢ ¢4,4%a",q¢"%,q"%, ¢, ¢ )

oo oo - -
S B 3 o g (q, qm,q“,q”,q“,ql“,q”aqm.q24)
~ ~ ¢ ¢, " "¢, )
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and
Theorem 6. [3, Theorem 4]

> o0 3 7 .10 .13 17 .20
(n+1) S5n(n+1)+1 _ qa,49 ,9 97,4 ,q7 20

g q" + g =2 < )

2 _Ooq q, qﬁ, q9, qll, q14, qlg 74 . )

oo o0

9 .10 .11 .19 ,20
(n+1) S5n(n+1)+1 _ q, 9,9 49 497,47 20
E q" - E 2< > .
2 _Ooq qQ7 q3, q7, q13, q17’ q18 3 q .

2. PROOF OF THEOREM 1

We shall start by obtaining the 2-dissections

oo 00
2_ 2 2 2
(1) (qB, q5, qS; qS)Zo — Z q8u 2u+8v® q3 Z q8u +6u+8v -1—81)7
U,V=—00 U,V=—00
ad 2 2 > 2 2
(q,q77q8;q8)io — Z qSu —6u+8v° __ q Z q8u +2u+8v7+8v
U,V=—00 U,V=—00
We have
oo ) 2
(@*, 4" ¢% a5 = {Z(—l)"q‘“’ "}
—o0

— Z (_1)m+nq4m2fm+4n2fn

— Z q4m2—m+4n2—n _ Z q4m2—m+4n2—n

m=n (mod 2) m#n (mod 2)

oo

_ Z q4(u+v)27(u+v)+4(u7v)274(u7v)

U, v=—00
(o]
_ Z q4(u+v+1)274(u+v+1)+4(u7v)27(u7v)
U, V=—00
oo (o]

_ Z q8u2—2u+8v2_q3 Z q8u2+6u+8v2+8v

U, v=—00 U, V=—00
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as claimed. The other identity is proved similarly.

It follows that

(¢%)3
(2) (@ 4°, 4% ¢*)2 +a(a.4", 4% ¢*)2 = o
= % = Dol
(9)o0(q")8
(@6, % )% —ala.d" % %)% = o e
TR e T ()3 ()%
For,
(@, ¢, a% a2 + ala,d", % a®)2%
> 2 2 > 2 2
o Su“—2u+8v 2 8u“+2u+8v°+8v
= > DO
U, v=—00 U, v=—00
> 2 2 > 2 2
+ q Z qSu —6u+8v° __ q3 Z qSu +6u+8v-+8v
U, v=—00 U, v=—00

= 2 > 2 > 2
— qSu —Qu{ q8'u _ qSU +8v+2}
> 2 > 2 > 2
+ q qSu —Gu{ q8U _ q8U +8v+2}

> 2 > 2 > 2
_ Z(_l)quU {Zq&u —2u+ ZqSu —6u+1}
—o0 —o0 —o0
_ i(_l)vq%}z tiuz—u
—o0 —o0
_Hl_QQnH(l_q2n)2
= 5 —
n>1 1+ q " n>1 1 q”
_ (@)
(@)oo (") oo

as claimed, and the other identity is proved similarly.

If we divide (2) by

4
: ?)oolq
(0.6%,4% ¢ 4" 0% ¢*)oo = (0. 4%, 0" 0*) oo = (Deo(d ) )(OOQ() Joo
o0
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we obtain
3 5 8 7 .8 2\5 0
@ s 4 ¢ 4% s (7%)2% n?2
3 ; + ; =13 =
®) (q, gt q" 1 )Oo q(q3,q4aq5 a )w (0% (a")% ;q
and

. %)
<q3a Qi)a Q§ . q8> —q <q:7)) QZ7 q85 . q8> _ (q4)go _ Zq2n2.
¢, ¢4 ) a9 ) (PER@®R

Theorem 1 follows. B

3. PROOF OF THEOREM 2

We start by proving

Corollary to Theorem 1.

3 5 8

q,9,49 8
4 ; =
@) (rarte) = (

7 8 16 2 14 16

q, 9,9 .8 _ q . 16 _ q°,q9 ",4q . 16

<qqu4vqqu)o@ (qs 34 >OO Q<q6’q8’ q1o»q )Oo
Proof. We have

AN N n? N\ 2n?
2( yq .q> :an +an
oo —oo —o0

a, ¢4, 4"’

oo

_ 4n? = (2n+1)2 = 2n?
D am Y ) g
—00 —00 —00
— {i q2n2 + i q4n2} + 2(] Z q4n2+4n
—o00 —o00

n>0
6 10 16 16
9,49 ,4 16 q 16
<q2,q8, q14,q )OO (I(qs ) )oo
as claimed. The other identity is proved similarly.

Next we show that

(5)

(@) = (%, 4,6, "%, 4", 0%, ¢*°. ¢*% ¢**) oo — a(d*. %, "%, ¢'%, 02, %, ¢*°, ¢*%1 ¢

32)

0o -
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We have

e}

(Q)oo _ Z(_l)nq(an—n)/Q

—0o0

o0 (o)
_ Zq(3(4n)2—(4n))/2 - Zq(3(4n—1)2—(4n—1))/2

(oo} (oo}
_ Zq(3(4n+1)2—(4n+1))/2 + Zq(3(4n+2)2_(4n+2))/2

> 2 s 2 s 2 s 2
— {Zq24n —2n __ Zq24n —14n+2} _ {Zq24n +10n+1 _ Z q24n +22n+5}
—00 —00 —00 —00
q, q aq 16 q, q 7(] 16
( —¢2,— q147q )Oo Q< g5, — q107q )OO
— (q2,q12,q147q16,q187q207q30,q32;q32)00 _ q(q4’q6,q10’q167q22,q267q287q32;q32)00.

Proof of Theorem 2.
From (5) and (4),

2(¢)s0/(q*, 4% % ¢, ¢*, ¢**, ¢*°, ¢*; ¢**)
16 32

q-, q aq 7q 7q aq 7q aq q 7,9 32
=9 2
<q ¢, & ¢ ¢ ¢ 7q8’q )Oo q<q,q24’q )Oo
16
16 q 16
—9 .
q,q%’ > (q q,q )OO q<q8 4 >OO
4 28 .32 16
24, 9,9 32 q 16
5 q 5 q - ; -2 ;
7 28 ) {( 16 ) q <q12,q167q20 q )OO} Q(qs q )

=2

A

16
=2 1 287 ) ( 167q32> —2(](38 §q16>
’ 00 00
2 i 2 e 2 s 2
— q4n + Z an } _ Zq2(2n+1) _ Z q(2n+1)
— 00 — 00 — 00

oo

{ q4n2 . Z q(2n+1)2} + {iqu? . iq2(2n+1)2}
—o0o —00 —00
i n n +Z n 2n

—0o0
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as claimed. The other identity is proved in similar fashion. Hl

4. PROOFS OF THEOREMS 3 AND 4

Proof of Theorem 3.

We start by obtaining the 3-dissections

(6)
(qQ,qG,qﬂﬁq12 ,q12> _ (q?,q187q30,q?6 ,q36) g (q?,q187q30,q?6 ,q36)
0 % ¢t N A0 2, N A a5 2, g5 7
50" ¢ 1\ (a5 6\ o (a5, 4%, % s
3 5 7 934 = 3 15 21 3334 q 27594 .
¢.¢°.q, q . - .

We have

:< 3q69 ,q12) (qQ,qu,qllf,qll;,q;;,qQ“,q24>
. ¢ ¢"".4",q .

_ 3.6
_ ( q ? )OO (1+q12n—11)(1+q12n—1)(1 _q12n)

n>1
3 6 [e.¢] [e.¢]
—q:49 2_ 2_
_ ( ( 24) )OO Zqﬁn 5n Z(_l)n 12n°—2n
47" oo —00 —00
(—¢% %)% < 2_ 2_
_ (q24) 00 Z (_1)nq6m 5m+12n 2n.
oo

m,n=—o00

We now split the sum into three, according to the residue modulo 3 of m + n.

If m+n =0 (mod 3), m—2n =0,let s = 3 (m+n), t=5(m—2n), m=2s+t, n=s—t,
ifm+n=1, s:%(m—i—n—l), t:%(m—2n—1), m=2s+t+1, n=s—t,
ifm+n=-1, s=i(m+n+1), t=3(m—-2n+1), m=2s+t—1, n=s—t
and we obtain

*,4% 4", ¢" e
¢, ¢4, ¢ )



8 SHAUN COOPER AND MICHAEL HIRSCHHORN

_ (_q3'()16)00{ i (_1)sftq6(25+t)275(2s+t)+12(sft)272(5715)
s,t=—00
ad 2
+ Z s t 6 (254+t+1)2—5(2s+t4+1)+12(s—t)2—2(s—t)
s,t=—00

s

oo
+ Z (_1)s—tq6(23+t—1)2—5(23+t—1)+12(s—t)2—2(s—t) }

3.6 o
_ ( q; )oo { Z e+t 3652 —12s+18t%2—3t

T (24
(oo |,
oo
+ Z e+t 3652 +125+18t24-9t41
s,t=—0o0
oo
s+t 3652 —365+18t2—15t+11
+ > (1)t
s,t=—o00

= (=% 4% {(@"°, ", > ¢*) oo + a(d, 7. 4% %) 0 }

( ¢°,q*%, ¢*°

36 15 21 36, 36 9 27 36, 36
. . + .
ER AL >w{(q %0 ) +a(d”, 7T 07007 }

36 6 .18 30 36
q, q ) q »q 36 q9,9 9,94 36
; + ; )
(q ¢, ¢*, %31 )Oo q<q3,q15,q21,q33 1 )Oo
as claimed. The other identity is proved in similar fashion.

Now

30 36
q (q o ,q 17‘133 ;q36> =g H(l + g IB) (1 4 18 3) (1 — ¢t8m)
[e.¢]

¢4, ¢*q ik
> 2 > 2
_ qzqgn —6n _ Z (3n—1) Zq
—00 —00 3’m

-3 {qu" —iqg”z} -
—0o0 —o0o
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If we write

Pi(q) = (q .45, q 7q q12) . Pylg) = (q .45, ¢, ¢! ;q12) ,
o0 o0

a, ¢.¢°, ¢ qqq,qg

then (6) becomes
3 1 = n? = 9n?
P1(Q)=P1(Q)+§ Zq —Zq ;
s 2
q4P2(q {Zq =Y } —¢*Pa(d”).

Theorem 3 follows by iteration, since Py (¢>"), Po(¢*>") — 1 as n — oc. B

Proof of Theorem 4.

We start by obtaining the 5-dissections

) (qQ,qi,qm,qllf,qjg,qfO,qzo> _ (qm,q‘;‘),qio,qﬁo,q ,q"° qloo)
¢, ¢4¢° ¢ q"% ¢ ) @, q®,q%,¢%,¢*,¢" -

70 100
q aq 7q » q 100
+Q< 65 85 34 )
oo

q* ,q 4%, q
10 50
a (49,9 ,q ,q 100
+
q (q5, q45,q5,q95’q ><>07

¢hq0 00000 a0\ (0707070 oo
@445 42,4477 ) q15,q35,q65,q85’ -

10 .50
q,q aq aq 100
+q° ;
? <q5, q*,q¢° ,q% 4 )oo

Y (q g ,q5°,q7°,q8°,q100.q1oo)
7'%,6%,¢",¢%,¢%,¢* -
We have

¢4, ¢, ¢"® ,q 2

a0, ¢ ¢",q, ¢ )

_ 1 @, 4% % 2 qQ,qw,q ,q
= 4 16 q 9 19 q
()0 \ 454 <\ & ¢ -
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1 8 12 20 _ _
= (q ’qff q’lg ;q2°> [Ta+a" )+ (- ¢")

20

(¢*°) oo , o 1

(o] oo [ee]

_ 23 {Z(_l)nqwn?—zn +Z(_1)nq30n2—22n+4} Zq5n2—4n

(q )oo —00 —00 —00

1 - m_30m?—2m+5n2—4n = m _30m?—22m+5n%—4n+4

= ( 20) Z (_1) q + Z (_1) q ) .

47" )oo mon——oo m,n=—00

We now split each sum into five, according to the residue modulo 5 of m + 2n.
Ifm+2n=0 (mod 5), 2m—n=0, 3m+n =0, let

1 1
S:g(3m+n)v t:g(Qm—n% m=s+t, n=2s-—3t,

ifm+2n=1, s=Bm+n+2), t:%(Zm—n—Z), m=s+t, n=2s—3t—2,
ifm+2n=2, s=Bm+n-1), t:%(Zm—n—i—l), m=s+t, n=2s—3t+1,
if m+2n = —1, s:%(3m—|—n—2), tz%(Zm—n+2), m=s+t, n=2s—3t+2,
if m+2n = -2, s:%(3m—|—n+1), tz%(Zm—n—l), m=s+t, n=2s—3t—1.

1
5
1
5

If we make these substitutions into the two sums, we obtain ten sums, each of which
separates into the product of two sums, each summable via the triple product identity.
Two of the ten sums are zero and two cancel, leaving six which can be grouped in pairs in
an obvious way, and each pair summed by the quintuple product identity, leading to the

stated identity. The other identity is proved in similar fashion.

Now,

30 50 70 100 10 50 .90 100

q9,97,9 ,q 100 a (99,9 ,9 100
; + ;

q<q15,q357q65,q85 q )oo q <q5, ¢, %%, 4% q )Oo

=q H(l + q50n735)(1 + q50n715)(1 _ qSOn) + q4 H(]' + q50n745)(1 + q50n75)(1 _ q50n)
n>1 n>1

S 00 0o S

2_ 2_ _1\2 _o\2 1 2

_ (JE :q25n 10n + q4 § :q25n 20n _ § :q(5n 1) + § :q(5n 2)° _ 5 § :qn
—00 —00 —00 — o0

5fn
_1 - n? N 25n2
-],
—00 —00
If we write

2 8 10 ,12 .18 20 4 6 .10 14 16 20

q9,9,9 ,97,9,q 20 q9,9,9 ,9 ,9 ",q 20
Pyi(q) = ( 4 9 11 16 1939 ) , Pa(q) = ( 3 7 8 12 13 1739 )

q, ¢9°,97°, 9,9 ",q o q97,49,9°, ¢°,9°7,q o
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then (7) becomes

Pi(q) = {Zq" -3 25”2}7

oo

qPs(q {Z " i g } — ¢’ Pa(q°).

Theorem 4 follows by iteration, since P(¢°"), Py(¢°") — 1 as n — co. A

5. PROOFS OF THEOREMS 5 AND 6

Proof of Theorem 5.

We start by proving

(8)

We have

H(]- + q12n—11)(1 +q12n—9)(1 +q12n—3)(1 +q12n—1)(1 _ q12n)2

n>1

— H(l + q24n—20)(1 + q24n—14)(1 + q24n—10)(1 + q24n—4)(1 _ q24n)2

n>1

+ q H(l +q24n—22)(1 + q24n—16)(1 +q24n—8)(1 +q24n—2)(1 _ q24n)2.
n>1

H(l + q12n—11)(1 +q12n—9)(1 +q12n—3)(1 +q12n—1)(1 _ q12n)2
n>1

oo

_ § q6m275m+6n273n

m,n=—o0

— Z q6m2—5m+6n2—3n + Z q6m2—5m+6n2—3n

m=n (mod 2) m#n (mod 2)
S
_ Z q6(u+v)275(u+v)+6(u7v)273(u7v)

+ Z 6(u+v+1 )2 —5(utv+1)+6(u—v)%—3(u—v)

e} e}

_ Z q12u2—8u+12vz—2v+q Z q12u2+4u+12v2+101)

U, V=—00 U, V=—00
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_ H(l 4 q24n720)(1 + q24n714)(1 + q24n710)(1 + q24n74)(1 o q24n)2
n>1

+ q H(l +q24n—22)(1 + q24n—16)(1 +q24n—8)(1 +q24n—2)(1 _ q24n)2.
n>1

We can write (8) as follows.

(q %40 0 7q2[4,q24)
¢ ¢4, "% ¢, )

q q 7q ,q 7q a0 a8, q4,q24,q24,q44,q48,q48,q4s
¢ q", " N Bt ) ¢ %, ¢, ¢ )

¢\, g™
If we multiply by< 19 24;q24> we obtain
q%,q -
40 48
qqq,q 12 qq,q,q 48
9 ; ;
©) (q, @4, "1 )Oo (q q'2,¢%, ¢4 1 )Oo

+q (q“,qlo,ql“,q24,q34,q387q44,q48 . q48> .
4% ¢2,0%2,¢%°,¢°%,¢%,¢" " )

Combining Theorem 3 and (9), we find
o 0 24 34 38 44 _48
n? 3n? an? 12n? 7q 7q yqd 49,4 54 48
+ + +2 ; .
Zq Zq Zq Zq Q<q ¢, q¢'2,q%2,q%, ¢36, ¢10, 446 q )OO
o0 o0
If we extract odd powers, divide by ¢ and replace g2 by ¢ we obtain

oo oo
T L3 g g qz,q‘”’,q7,q12,q”,q19,q22,q24,q24
¢ ¢*,4%a",q"%,¢"%, ¢, ¢* " )

— 00 — 00

If we put —q for g we find
) o 10 11 12 13 14 23 24
2n(n+1) 6n(n+1)+1_2(qa q 5,9 97,9 ,9 9,4 24> N |
Zﬁmq Zfooq R A N A N LN L A

Proof of Theorem 6.
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We shall start by proving

(10)

H(l + qlon—Q)(l + qlon—l)(l _ qlon)

n>1

— H(l + q40n728)(1 +q40n712)(1 _ q40n) +q H(l +q40n732)(1 + q40n78)(1 _ q40n).
n>1 n>1

We have

H(l + qlon—Q)(l + qlon—l)(l _ qlon)

n>1

o0 (o) o0
5n2—4n 20n%—8n 20n2+12n
= E q = E q +4q E q
— 00 — 00 — 00

— H(l + q40n728)(1 +q40n712)(1 _ q40n) +q H(l +q40n732)(1 + q40n78)(1 _ q40n).
n>1 n>1

We can write (10) as follows.
q2,q1°,q ,q _ q2,q 7q 7q q 7q ,q64,q8°, 80
9 03¢ = 6830 +4q 48 7234 .
¢ ¢°, ¢"',q¢" o \d?d®,¢%q - ¢, **,4"%,q -

12

8
If we multiply by <q4, o 5(120) we obtain
¢t.q .

(11)
¢% 4", ¢, ¢"® ,q 2
q, ¢ ¢',¢'%, ¢ )

_ (40000 s (470000700 s
q47 q16, q367 q447 q64, q76 ’ - q4, q247 q36, q447 q567 q76 ’ -

Combining Theorem 4 and (11) we obtain
s o 52 68 80
2
an +Zq5n Zq4n +Zq20n +2q< aq 7q44’q567q76;q80) )
£ £ ¢ P4 g% g g -
o0 o0
If we extract odd powers, divide by ¢ and replace ¢* by ¢ we obtain

oo oo -
an(n+1) " Zq5n(n+1)+1 _ <q3, a7, ¢, q"3,q'7, ¢ q20>
~ ~ ¢ ¢4 """ )
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If we put —q for g we find

i e 9 ,10 11 19 20
n(n+1) _ Sn(n+1)+1 _ 92 q 9,9 ,4 . 4,47 20> N |
_EOO q _EOO q <qz7 3,97, ¢*3,¢'7, ¢*® i .
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