ON PARTITIONS INTO FOUR DISTINCT
SQUARES OF EQUAL PARITY

MICHAEL D. HIRSCHHORN

1. Introduction and statement of results

In recent work [1,2], we studied py(n), the number of partitions of n into four squares.
We found the generating function for pym(n), and showed that the numbers pyo(n) possess
some (rare) arithmetic properties.

In this paper we make a study of what we will call pse(n) and pso(n), the number of
partitions of n into four distinct even (respectively odd) squares. We shall also have
reason to consider p4e (n), where the squares are strictly positive.

The main result of this paper is that for n =4 (mod 8),

Pao(1) = Pae(n) + pact (n).

As a corollary we obtain the surprising result that for n =4 (mod 8),

p4o(n) > p4e(n) > %p40(n)'

Thus, if pso(n) > 0 (and so n = 4 (mod 8)) then pse(n) > 0, a conjecture announced by
R. Wm. Gosper at the Ramanujan Centenary Conference in 1987, the inspiration for this

investigation.

We shall give two proofs of our theorem, one arithmetic, the other via generating

functions.

2. The arithmetic proof
We shall show that if n =4 (mod 8) there are two partitions of n into four distinct odd

squares for each partition of n into four distinct even squares greater than zero, and one
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2 MICHAEL D. HIRSCHHORN
partition of n into four distinct odd squares for each partition of n into four distinct even
squares one of which is zero.

Suppose n =4 (mod 8) and
n =i + x5 + a3 + a3,
is a partition of n into four distinct even squares. Then w.l.o.g.
(z1,22,73,74) = (0,2,2,2) or (2,0,0,0) (mod 4),

1+ x2+x3+24=2 (mod 8)

and

Tog > T3 > |J)4|

(In the case (z1,%2,73,74) = (0,2,2,2) (mod 4), the condition zy + x3 + o3 + x4 =
2 (mod 8) determines the sign on x4, (the sign of z; is undetermined); in the case
(x1,22,23,24) = (2,0,0,0) (mod 4) the condition determines the sign on z; (the sign

of x4 is undetermined).)

In the case (z1,z2, x3,24) = (0,2,2,2) (mod 4), let
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are partitions of n into four distinct odd squares, different if and only if z; # 0.
Similarly, in the case (x1, z2,23,24) = (2,0,0,0) (mod 4), let
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Then
2 2 2 2
n=yitys Yyl =ty fys L
Y, Y2, Y3, Ya = 1 (mOd 4)7 ?/17 ?/27 yga yz/l =1 (mOd 4))
Y1 > Y2 >ys > ys, Yy > Yo > Y3 > Yy
are partitions of n into four distinct odd squares, different if and only if x4 # 0.
Conversely, suppose n =4 (mod 8) and
n=yi+ys+ys -+l

is a partition of n into four odd squares. Then w.l.o.g.

Y1, Y2, Y3, ya =1 (mod 4) and y; > y2 > y3 > ya.

If we now let
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then
nzm%—l—m%—l—mg—i—xi,
(z1,22,23,24) = (0,2,2,2) or (2,0,0,0) (mod 4),
1+ x2+x3+24=2 (mod 8)
and

XTo > X3 > |{E4|

This establishes the (one—to—one—or—two) correspondence described earlier between the

partitions of n into four distinct even squares and the partitions of n into four distinct
odd squares. B

An example

Consider n = 420. The partitions of 420 into four distinct even squares are

420 =202 +42+22 =162 +122 + 42+ 22 =162 + 10%> + 82 = 142 + 122 + 82 + 42,
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Corresponding to these we have, respectively,
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Thus
420 =202+ 42+ 22 =162+ 122 + 42 + 22 = 162 + 10° + 8% = 142 + 122 + 82 + 42
=192+ 72 +32+12=172+11°+ 32+ 12 =172+ 9 + 72 + 12
=152 4132 4+52+12 =152+ 112+ 72 + 52 = 132 + 112 + 92 + 72,

P10(420) = 6, P4c(420) =4, paey(420) = 2, and p4,(420) = P4e(420) + pye (420).

3. The generating function proof

Let z;, i =0, --- , N be arbitrary. It is easy to verify by expanding the expression on
the right that

(1)
24 Z TiTjTRTy

i>j>k>l

_ <i§;xi>4—6 (ixi>2§;x?+3 <§:$?>2+8§:xi§:x?—6§:x?.

i=0 i=0
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[The author discovered this formula recently, but feels that it is unlikely to be new.]

If in (1) we set ; = ¢@1° let N — oo and use the fact that

37 g = qu(e®)

i>0
where
P(g) =Y g2,
i>0
we obtain
(2)

> pao(n)g" = i (¢*(¢®)* = 60" (q*)*¥(q"®) + 3¢ (¢"°)* + 8¢* ¢ (¢®) v (¢**) — 64*¢(¢°%))

n>0

or,

S puelma” = 57 (@ 0() — 640 (") + 3% 0(a') + Satlala®™) — 64" 0()
n=4 (mod 8)

since the series in (2) contains only powers of ¢ which are 4 modulo 8.

If in (1) we set z; = ¢®)* let N — 0o and use the fact that

> a0 = 2(0(a) + 1)

i>0
where

ola)= q".

we obtain, after simplification,

(3)
> pac(n)q" = ﬁ (6(a")* +40(q")* = 66(¢")* +126(¢") — 15+ 126(¢%)* + 126(¢%)
n>0

+32¢(¢'?) — 48¢(¢"%) — 12(¢")?3(¢®) — 246(q*)p(a®) + 326(¢")p(q'?)) .
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If in (1) we set z; = ¢+’ let N — oo and use the fact that

S aCH = 2(6(ah) - 1),

>0
we obtain

(4)

§p4e+(n)q” = ﬁ (6(a")* —40(q")* +180(¢")* = 600(¢") + 105 + 12¢(¢*)? — 36¢(¢°)

—320(q"?) — 486(q"%) — 12¢(¢")?p(¢®) + 240(q")d(¢®) + 320(¢*)(¢"?)) -

It follows from (3) and (4) that

1

D (pac(n) + pact (m)q" = 155 (6(a")" +66(q")* — 246(¢") + 45 + 126(¢°)* — 126(°)
n>0

—48¢(q"%) — 126(¢*)*¢(¢*) + 32¢(¢*)(¢"?)) -

We now extract the terms in which n =4 (mod 8). We use the fact that

d(q) = d(q*) + 2qv(q°)

to write

1

> (Pac(n) + pacs (M)a" = 755 ((#(a"°) +20"0(a*)" +6(6(q"®) + 24" (¢™))”
n>0

—24((q"°) + 2¢"(¢°%)) + 45 + 12¢(¢%)* — 126(¢®) — 48¢(¢")
—12(¢(¢"%) + 24" (¢°%))*d(¢®)
+32(6(q"%) + 24" (¢**)) (6(¢**) + 2¢"¥(¢™))) .

It follows that

> (pae(n) + pact (0)g"

n=4 (mod 8)

= i (¢*0(q"°)*¥(¢®?) + 46" 6(¢*%)v (%) + 3¢*¢(¢*9)v(*?) — 6¢* ¢ (¢>?)

—6q"0(¢®)p(q"")v(¢®) + 8¢ d(¢**)v(¢°?) + 8¢ 4 (¢"%) v (¢*%))



ON PARTITIONS INTO FOUR DISTINCT SQUARES OF EQUAL PARITY 7
1 ;
=5 (0" 6(6®)?d(q")(¢*?) — 64" d(q®)B(a"*)(¢**) + 3¢" d(q"®) v (¢*?)
+8¢"(¢*)(¢**) — 6" (¢*?)) .
Here we have used the facts that
o(*)? + 4g(g*)* = ¢(q)*

and

(®)(qh) + ad(a®)v(a"?) = v(g)y(d*).

So our theorem is equivalent to the identity

¥(g)* = 69(0)*0(d%) + 31U(¢*) = 8(0)*d(a*)v(q*) — 66(0)d(¢*) ¥ (a") + 3d(a*)(q*).

This is straightforward, since, with (¢)s = H (1—-4g"),

(A% ()5
V)= Tge 09 Ot
2402 4y _ (¢*)2 . (4*)3% (¢®)3% (q2)§o_ 4
AD W) = G @R e @n Y@
N (¢%)5, (¢*)5 ()2 (@302 ()i (@i
DAV = ot P (e~ 0% 0% (@)
=(q)*¥(q%)
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