RESULTS OF HURWITZ TYPE
FOR FIVE OR MORE SQUARES

P. BARRUCAND, S. COOPER AND M. D. HIRSCHHORN

Abstract
Let r(n) denote the number of representations of n as a sum of k squares.
We give many cases (for k = 5, 6, 7) in which the generating function

ano ri(an + b)g™ is a simple infinite product. For instance,

1— 2n\10 1— 3n\3
Zr7(24n+23)q”:49728n( ) (n 1 .
n>0 n>1 (1-qm)
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1. Introduction and statement of results

Let p(n) denote the number of partitions of n, and r(n) the number

of representations of n as a sum of k£ squares. Inspired by Ramanujan’s
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celebrated result

Zp5n+4 H (1-g™

n>0 n>1 1—q

Hirschhorn and McGowan [4] found many instances in which, for £ = 2 or

4, the generating function ) -, 7r(an +b)¢" can be written as a product.

Cooper and Hirschhorn [1] have since found many similar results when

k = 3, some of which are classical, having been given by Hurwitz [5].

In this paper, we give results of the same type, most discovered by computer
search, for £ = 5, 6 and 7. We have found no further such results for
k=5, 6, 7, nor indeed for k > 7.

Before stating our results, we need some definitions. Let

=D, W)=Y g,

n>0

> 2 > 2
X q) — Zq?m —|—2n, P(q) _ Zq(Sn —l—n)/Z,

o0 3n—1
_ 2 pmn+ q
a(q) = Z q" o 1+62< g3 2_1_q3n—1)’

m,n=—o0 n>1

o0 313
c(q) — Z qm2+mn+n2+m+n _ 3((] )oo )
Then by Jacobi’s triple product identity, each of ¢(q), ©¥(q), X (q) and P(q)
is a product. For properties of a(q), c(q), see [2].
We prove the following.
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Theorem 1:

B = S o)

L S O S o)

I N S bt

(v S et o) = 40 Dy

I Y D g

R S S ygpa)

I B0 =Y ) et 3,

i) Y rs(a 20+ 69))g7 = DI gzt o) 3

n>0
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10(12 x 27* + 1)

5 $(9)* X (q),

(ix) Y (92 Bn+1))g" =

n>0

1200277 — 1)

() §r5<9*<9n +6))q" 5 909(¢*)?X(9)*,

W e = 2 2D ()1,

) S e 17 = S0 22 ) ela) 3,
i) S (0 60" = SO0CT Ly a0t fela) 3}
Theorem 2:

> re(2M(4n + 3))g" = 32(4M + 1)1)(q)°.

n>0

Theorem 3:

64(35 x 3221 4 27)

m W(q)",

(i) Y (4 8n+1))¢" =

n>0

A+1
() 3 e @an 4 23))g" = POV s o),

n>0
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84(117 x 243* +4)
121

(i) Y (9 Bn+2))¢" = #(a)° {c(a®)/3} .

n>0

49728(117 x 243* + 4)

121 ¥(q)” {c(a)/3}-

(iv) ) rr(9*(24n + 23))q"

n>0

2. Preliminary lemmas

We require the following Lemmas.

(i) $(@)¥(a*) = ¥(q)?
(ii) #(a) = o(q") +2qv(¢")
(i) ¢(a)* = d(¢*)* + 4y (¢*)?
(iv) o(q) = ¢(¢°) + 24X (¢°)

_ ()%
(V) (q)oo(wQ)oo(w Q)OO - (q9>oo

3\4

(vi) 8¢°X (¢*)® = f;(qqg)) — o(¢")°
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P(q°)*

3
(Vlll) ¢(q) - ¢(q9)

+690(¢°)° X (¢°) + 12¢°6(¢°) X (¢°)*

o(q*)*
?(q?)

o(a)* = (46(¢®)* — 36(¢")") + ¢ (z

+q° (24¢(¢”)%) X (¢*)?

; 6¢<q9>3) X(g*)

(%) #(q)” = (106(¢°)d(¢*)* = 96(¢°)°) + q (106(¢")*) X (°)

(Q) 3\2
L (4 A+ 360t >)X<q>

3\8
(x) oq)° = ( EZ§ 1 186(¢°)20(¢%)* — 18¢><q9>6)
+q (30¢( No(g*)* — 18¢(¢”)°) X (¢°)
q® (246(¢*)"* + 36¢(¢°)*) X (¢*)?

(i) gla) = (7% 0 21000 0() — 2160

3\8

q (25’;8—9; 1 660(¢°)%6(c°)" — 54¢<q9>6) X(¢*)
+¢* (840(¢°)p(¢*)*) X (¢*)?

(xiii)

o(q)® = (28¢(¢*)® — 27¢(¢")°)

rq (16¢<(q?’>)8 - 1086(¢°)0(c)" - 108¢>(q9>7) X(¢)
gb(q ) 3\4 96 332
L (4 C L5 + 21606 Po(a®) — 1080(0") )X<q )
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1 ()

(xiv) D = AP (¢(¢”) — 2q0(¢") X (¢°) + 4¢° X (¢°)?)
(xv) ¥(q) = P(¢®) + qv(q°)
(xevi) Pl = 505 — (e

(xvii) X (q)® = X(¢*)a(q®) + 3q9(¢°){c(¢°)/3} + 3¢* X (¢°){c(¢°) /3}
(xviii)  P(q)® = P(¢*)a(q®) + 3¢P(¢*){c(q®)/3} + 6020 (¢°){c(¢) /3}

(xix)  d(q)* = (6(¢®)* + 240(¢°) X (¢*){c(¢®)/3})
+8¢0(¢*) X (¢°)a(q®) + 24¢° ¢ (%) 8(q°){c(¢®) /3}

(xx) (g)* = v(¢*)P(¢*)alq®)
+q (39(¢°)P(¢*){c(q®) /3} + ¥ (¢°)*)
+6¢°¢(¢*)¥(¢°){c(¢®)/3}

(xxii) d(q)X (q) + 20(¢*) P(q*) = 3{c(q)/3}
(xxii) o(@)(q°) + 4qv(¢*)Y(¢°) = alq)
(xxiii)

o(q)* + 16q1(¢°)* = ((¢*)* + 16¢°¢(¢°)* + 72¢°{c(¢*) /3}{c(¢°)/3})
+24qa(q®){c(q®)/3} + 24¢°a(q®){c(¢®)/3}

7



(xxiv)

(xxv)

(xxvi)

(xxvii)

(xxviii)

Proofs:

P. BARRUCAND, S. COOPER AND M. D. HIRSCHHORN

6n 5 q6n—1 ¢(Q)3
1+3Z( 4o~ 5_1_q6n—1):,¢(q3)

n>1

P(g){c(q®)/3} = v(¢*){c(q)/3}
?(¢*) X (9)* = ¢(q){c(q®)/3}

(q*)P(q)* = ¥(q){c(q)/3}

= (qz)io [Ja+q
n>1
— (q2)2 (q2>go _ (qQ)io =¢(Q)2-

(% (9%

(i) 2—dissect ¢(q). Thus

= Y@+ Y =D Y = (") + 200(d°

n even n odd

).
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(iii)
¢(q4)2 + 4q2¢<q8)2 _ Zq4m2+4n2 + Zq(2m+1)2+(2n+1)2

— u2—|—v
> a

u=v (mod 2)

2 _)2
=3 gl

2 2
— Z q2r +2s
= ¢(q*)*.
Now put ¢ for ¢°.
(iv) 3—dissect ¢(q). Thus

o= > T+ Y >

n=0 (mod 3) n=1 (mod 3) n=—1 (mod 3)
> 2 > 2 > 2_
:Zq9n +qzq9n +6n+qzq9n 6n
—o0 —o0 —o0
= 6(q") + 24X (¢*).

(v)

(Q)OO(wQ)OO(wQQ)OO = H(l — q”)3 H(l — qgn) = (q3) - —

3n 3tn

(vi) Put ¢, wq, w?q for ¢ in (iv), multiply the three results and use (v).
Thus

0(¢°)% +8¢° X (¢*)® = ¢(q)p(wq)p(w?q)

(@) (W)L (wg*)3
(0)%(¢H)% (wg)? (wa*)Z, (w2q)2 (w2q*)%,
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_ (0*)3 (we*)3 (W?a®)2
()3 (W)2. (w?q) 3 (¢*) % (wa*) 3 (w2q*)3
_ @2 (@)% @)%
(@'%)3% (@*)3% (")

vii) Square (iv).

viii) Multiply (vii) by (iv), then use (vi).
ix) Multiply (viii) by (iv), then use (vi).
x) Multiply (ix) by (iv), then use (vi).
xi) Multiply (x) by (iv), then use (vi).
xii) Multiply (xi) by (iv), then use (vi).
xiii) Multiply (xii) by (iv), then use (vi).

(
(
(
(
(
(
(
(

xiv)

(xv) 2—dissect X (q).

(xvi) Put ¢, wq and w?q for ¢ in (xv), multiply the three results and use

(v).



RESULTS OF HURWITZ TYPE FOR FIVE OR MORE SQUARES
(xvii)
o0
3 3\3 3k+1)%24+(314+1)%+(3m+1)?
eX(P)? = Z gBF+D + B +(3m+1)
k,l,m=—o00

a®+b%+4c?
= 2 -

a=b=c=1 (mod 3)
Now, a + b + ¢ = 3r for some r, so let

a=r+s, b=r+t, c=r-+u.

Then
s+t+u=0, s=t=u=-r+1 (mod3)
and
2 2 2
q3X(q3)3 — Z q(r+s) +(r+t)*+(r+u)
_ Z q3r2+s2+t2+u2
> 2 2 2
— Z q37" Z q2s +2st+2t
r=-—00 s=t=—r+1 (mod 3)

2 2 2

2 :q3(3r) } :q2(3a—|—1) +2(3a+1)(3b+1)+2(3b+1)
2 2 2
Zq3(3r+1) Zqz(?,a) +2(3a)(3b)+2(3b)

> 12 a—1)2 a— _ 12
+Zq3(3r 1) ZQQ(S 1)242(3a—1)(3b—1)+2(3b—1)

= ¢"¢(¢*")e(q"®) + X (¢°)a(q"®) + " X (¢°)c(q"®)

= ¢*X(¢”)a(q"®) + 3¢°p(® ) {c(q™®/3} + 3¢° X (¢°){c(¢"®)/3}.

11
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(xviii)

o0

2 2 2
#P(*)? = Z q(6k+1) +(6141)%+(6m+1)

k,l,m=—o00

a’+b%+c?
= > -

a=b=c=1 (mod 6)
Now, a + b+ ¢ = 6r + 3 for some r, so let
a=2r+14s, b=2r+1+t, c=2r+1-+u.

Then
s+t4+u=0, s

t=u=-2r (mod 6)
and
q3P(q24)3 _ Zq(2r—|—1—|—s)2—|—(2r+1—|—t)2—|—(2r—|—1+u)2

_ Z q12r2+12r+3+s2+t2+u2

o0

_ 1272412743 252 +2st42t2
=D q >«

r=-—00 s=t=—2r (mod 6)

e 2 2 2
_ Zq12(3r) +12(3r)+3 Zqz((sa) +2(6a)(6b)+2(6b)

i _1)\2 r— a 2 a 2
4 qu(sr 1)2+12(3 1)+3Zq2(6 +2)242(6a+2) (6b+2)+2(6b+2)

— 00

> 2 _0\2 a— _ _o\2
+Zq12(3r+1) +12(3r+1)+3zq2(6a 2)24+2(6a—2)(6b—2)+2(6b—2)

=¢"P(¢™)a(¢™) + ¢*"P(¢™)c(q"®) + 2¢° 9 (¢*'%)c(¢™)
=¢*P(q")a(q™®) + 3¢*" P(q"*){c(¢™)/3} + 6¢° ¢ (¢*'%){c(¢") /3}.
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(xix) From lemmas (vi) and (xvii),

o(q)* = ¢(¢°) (6(d*)® + 84X (q)?)
= (¢(¢*)* + 24¢°¢(¢*) X (¢*){c(¢®) /3})
+8¢0(¢*) X (¢°)a(q®) + 24¢° ¢ (q*) p(¢°){c(d®) /3}.

(xx) From lemmas (xvi) and (xviii),

(@) =) (P(@)® + aqv(a®)®)
= 9(¢*)P(¢*)alq’)
+q (3¢(a°) P(a*){e(@®) /3} + v (a®)?)
+6¢%9(¢*)(a”){e(q?) /3}-

(xxi)
" <¢(q12)X(q12) n 2¢(q24)P(q24))
_ Zq3(2m)2+(6n+2)2 + Z q3(2m+1)2+(6n_1)2
_ Z q3u2+(3v—1)2
uZv (mod 2)

_ Z q3(r—s)2—|—(3r—|—35+2)2
= ¢ Z q12r2+12rs+1282+12r+128
= q'c(q"?)
= 3q*{c(¢"*)/3}.

(xxii)

¢(q4)q§(q12) + 4q4¢<q8)¢(q24) _ Zq4m2+12n2 + Zq(2m+1)2+3(2n+1)2
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2 2
— § +3
qu v

u=v (mod 2)

—52 T‘82
:Zq(r )2 +3(r+s)

— § q4r2+4rs+4s2

=a(q").

(xxiii) From lemmas (xix) and (xx), (xxi) and (xxii),

$(a)* + 16q3(q*)*
= (6(a")" +240°0(a") X (¢"){e(a")/3)

+166° (39(¢°) P(a°){eld®) 3} + (")) )
+q(86(¢")X (4%)al”) + 168(¢°) P(q°)a(q"))
+ 0 (246(a%)6(¢”{e(a)/3} + 9607 (¢ (") {e(a") /3})
= (6(a")* + 164" (¢")*

+246%{e(6) 3} (9(a*) X (¢%) + 20(¢") P(e")) )
+8qa(¢°) (¢(a*) X (¢) + 20(¢°) P(¢"))
+246%{e(q")/3}(9(a")8(a") + 44 (q* ) (q"™)
= (9(a®)* + 166°0(¢")* + 720*e(d®) 3} {e(a®)/3})

+24qa(q®){c(q’) /3} + 24¢a(q®){c(¢°) /3}-

(xxiv) See [3, (8)].
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(xxv) We have

q3n—1
a(q) + _1+6Z(1_q3n2_1_q3n—1)

n>1
q6n—2
+1+6Z( qon— 4_1_q6n—2)
n>1
6n—2 6n—4 6n—1
q q q
_2+62( g5 6n—2 6n—4 6n—1
q6n—2
+62( 6n4_1_q6n—2)
n>1
Z q6n—1
=2q1+3 ( 6n—5 6n—1)
n>1 1- q 1- q
_ o ¥(@)’
V(q3)

(xxvi),(xxvil),(xxviii)

(@R (@2 (@260
)= nie Y97 (@n K9

2 3\2 3\3
Plo) = 2 e = 1,

The results follow.

3. Proof of Theorem 1
(i)—(v) We start by proving that for A > 0

() > rs(#n)g" = 6(q)° + ————ad(a)u(g*)".

n>0
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(«) is true for A = 0. Suppose («) true for some A > 0. Then
> ors@n)g” = (#(a") +2a(¢)”
n>0
80(8* — 1)
* 7
= (6(¢") +240(4™)"

A
+ 80(87 Dy (6a) + 200(6) (6la")? + 46%0(a)?) 6(a" V(")

q (6(q*) + 2q¢(¢%)) ¢(¢*)*¥(q*)?

= ¢(q*)® + 10g¢(q*)*1b(¢®) + 40¢° ¢ (q*)*1(¢®)? + 8043 p(q*)*¥(¢®)?
+ 80" p(q*)v(q®)* + 32¢°(¢®)°

80(8* — 1)
i 7

(a0(a*) " (a®) + 2¢°¢(a")°¥(a°)* + 4¢°¢(q*)*¥(¢%)’
+8¢"¢(¢")¥(¢*)")

A1 A
=D pgigtyg®) + LEXEED o gty

80(8M1 —1)
7

= ¢(¢")° +

80(4 x 8 + 3
NG EL)

@ o(q")*y(¢®)® + 7 o(q")v(¢®)* + 32¢°¢(¢®)°.

It follows that

> rs(@Mn)g = ¢(q)° +

n>0

Thus («) follows by induction. Also

10(8M1 — 1)

- o(q)* ¥ (q*) + 32q¥(¢*)°,

N s (4N dn+1))g" =

n>0
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40(4 x 8* + 3)

Y (A dn+2))q" = #(a)*¢(a*)?,

7

80(4 x 8* + 3)

gorf)(@(zm +3))g" = ———d(0)*¥(¢*)’.
Further,_
S rs(aan s 1) = Bt ot + 920t
B 10(8“71 D (6(62)? + 4q(a2) () + B2a16(%)?

;}T&B(@(Sn +5))q" = &;_1) -8¢(0)*¥(g*)? - ¥(q) + 32¢(q)°

"— SELLLL AR N OR
Also

5t an + 3" = 0 S (o) + 4aila"?) (e

SO

D rs(42(8n+3))¢" =

n>0

80(4 x 8* +3)

- o(q)*¥(q)®,
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> ra@sn -+ M) = EUEE e

n>0

(vi) We have

 gMF1 5
S rs(4M 8+ 5))g" = e 87+ 9 (p(g?) + avla”)

n>0

from which it follows that

16(5 x 821 4 9)
7

> 154 (24n +13))q" =
n>0

5P(Q)v(d®) (P(q)° + qv(¢®)?)

80(5 x 8 1 +9)

= - P(g)(q)*.

(vii) We have

Z r5(4(8n + 1))g"

n>0

= 0BT ()" + 1600(63)") wla)

= —10(8“71 —1) ( (6(a”)* +164°¢(q°)* + 72¢°{c(¢®) /3}{c(¢%)/3})

+24qa(q°){e(q)/3} + 24%a(4*){c(a")/3})
X (P(q?’) + q¢(q9)>~
It follows that

Z r5(42(24n + 17))g"

n>0
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_ &71_1) (24P(q)a(Q){C(q2)/3} + 24¢(q3)a(92){0(q)/3}>

= 2O =Dy g) el /3) (ala) + ale?)

A1 3
= 2O et /3y -2

¥(g?)
= B0 D g eta) 3
(viii) We have
S rs(4M8n +5))g" = 165 8,:+1 9) ¥(q)°

n>0

x 8 t1 5
_ 166 87+ 9) (P(q3)+q¢(q9)) :

It follows that

A+1
S o 2an + 20)g" = XTI (10p (gt + qula®)?)
n>0
_16(5 x 81 4+ 9)
7

x (10 (P(¢*)a(®) + 3aP(a*){e(a®) /3} + 6a%6(a°){ela®) /3}) ¥(a*)? + av(a*)°).
It follows that
A+1
S o (72n 4 60))q = 2O I D g2 o) 3).

n>0

(ix), (x) We start by proving that for A > 0

15 %270 —2
B 13

5(27 — 1)

(@) Y rs(3n)g" o0 ~ 2o o)

n>0
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A1 A+1
8) Yo raain) = 2D o) - BT T gy

n>0

(a) is true for A = 0. Suppose («) true for some A > 0. Then

A

Sors g = 222 (100(6)0(6°) - 96(a°))
n>0

+4q(106(¢%)* X (¢*))

> (o) 9)3 3)2
4 (4 Sy T A0) )X(q) }
A
B o) (ofa) + 20X (6)

- (A eyt - )
20241047 X o)
# 2 (B o)) X0
It follows that
S rsatmygr = 2T W gyt - 2T I8 s
_ 5(27 M1 — 1)

_ 1—3{ (46(¢*)® — 3¢(¢°)* 0 (q*))

¢(q3)5 913 3 3
‘e (2 A+ 60(e") o >) X(¢)

+* (240(¢°)*0(a*) X (6")%) }
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5x 27AL 18
13

o(q*)°

15(2721 — 1)

15 x 27A+L — 9
- (P ey -

527 —1) [ é(¢?)°
" 13 ! (2 ?(q%)

7/\—1—1 _
+ PO o)) X (67)

; 6¢<q9>3¢<q3>) X(e)

It follows that

w15 x 272 -2 15272 — 1)

el o))

> rs(3*22n)q 3 ¢(q)° — 5 @) é(a).

n>0
Thus («) and () follow by induction. Additionally,

10(12 x 272 4-1)
13

S 592 (3n 4+ 1))¢" = P(q)*X(q)

n>0

and
120027 — 1)
B 13

3" r5(9%(9n + 6))g” o(q*)*(q) X (q)*.

n>0

(xi) We have

10(12 x 27* + 1)

B P(q)* X (q).

D rs(9Bn+1))g" =

n>0

If we write

$(q)*X(q) = Fo(¢®) + ¢F1(¢®) + -+ +q"Fa(¢®)
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then
10(12 x 272 4-1)
13

> r5(97(24n + 13))g" = Fy(q).

n>0

If we compare this result for A = 0 with Theorem 1(vi) for A = 0 we find

> " r5(24n 4 13)g" = 10F,4(q) = 5601(q)* P(q),
n>0

Fy(q) = 569 (q)*P(q)

and
~560(12 x 27* +1)

3 ¥(q)*P(q).

> r5(97(24n + 13))q"
n>0

(xii) We have

15 %27 =2

> rs(9 (30 + 2)g" o

n>0

¢(Q)4 3\3 2
(450035 + 3006%)° ) X (0

If we write

(42231)3 + 36¢>(q3>3) X(q)? = Go(¢®) + 4G1(¢®) + -+ +q"G2(d®)

we find
15 x 27 =2

> r5(91(24n +17))q" B

n>0

Gs(q).
If we compare this for A = 0 with Theorem 1(vii) for A = 0 we find

> rs(24n 4+ 17)¢" = Gs(q) = 4809 (q)*{c(q)/3}

n>0
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and

_480(15 x 27* — 2)

> r5(9(24n + 17))g" = 13 ¥(g)*{c(a)/3}.

(xiii) We have

A+1 A+1
S (@i = XD g - X gy
n>0

A+1
= T2 () + 200° 00" X () ela) /3))

+846(4")2X (*)a(q®) + 244°6(¢*)*6(¢") {c(a°) /3} )

5 x 26 1 — 18
13

o(q°)°

SO

120027 — 1)

S @+ 2))g" = o 0(0)* (e {e(d?) 3},

If we write

0(9)?0(q*){c(¢®)/3} = Ho(q®) + q¢H1(¢®) + -+ +q Hr(q®)
we find

120(27 A — 1
S (32 (24n + 23))g = 22T T g,

13
n>0

If we compare this for A = 0 with Theorem 1(viii) for A = 0 we find

> rs(72n +69)¢" = 240H7(q) = 6720¢(q)*¢(¢*){c(q)/3}

n>0
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Hz(q) = 28v¥(q)*¥(¢*){c(q)/3}

and

A _
:3360(271;1 1)¢(q)2¢(q3){0(q)/3}-

> r5(97(72n + 69))q"

n>0

4. Proof of Theorem 2
We start by proving that for A > 0

(a) > r6(2Mn)g" = ¢(9)° + (4M2 — 16)ge(q) ()"

n>0

() is true for A\ = 0. Suppose («) is true for some A > 0. Then

S ra(@n)g" = (3% + dqu(q")?)’

n>0
+ (42 —16)q (0(¢%)* + 49v(q")?) (¢°) ¢ (¢")?
#(¢*)° +12q¢(*) 9 (q")? + 48¢°¢(¢*)* ¢ (q*)* + 64¢°¢(¢*)°
+ (42 —16) (90(¢*) "0 (a")* + 4°0(¢*)*v(q")")
¢(¢*)° + (42 — 4)q0(¢°) 9 (¢")?
+ (47 —16)¢%¢(¢*)*P(g*)* + 64¢° ¢ (¢")°.

It follows that

> (M n)g" = ¢(q)° + (412 — 16)q¢(a)* v (¢%)*,

n>0

and («) follows by induction.
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Also

> re(2 (@20 + 1))g" = (432 = 0)6(q) ¥(¢?)? + 64q1(¢*)°

n>0
— (4M2 —4) (6(¢%)% + 491(44)?) ¥ (¢%)? + 64qi(¢2)°

and therefore
D r6(2M4n +3))g" = 8(4M — 4)9(9)* () *¢(q)* + 64¢5(q)°
n>0

= 32(4M + 1)y(g)°.

5. Proof of Theorem 3
(i) We start by proving that for A > 0
PR 7 560(32* — 1) 3,00 214
(@) > ri@n)e" = o(a)" + ————ad(@)*v(a*)*,

n>0

() is true for A = 0. Suppose («) true for some A > 0. Then

Z T7(4>‘n)q"

n>0

= (¢(q") + 2q0(¢%))

A _
+ %q (6(a*) + 200(¢%)” (6(g*)? + 4¢°0(a%)?) 3a* )0 (d")

7

= ¢(g")" + 14q0(¢")°(¢®) + 84¢*(¢*)°¥(¢®)? + 280¢°p(q*) ¥ (¢°)?
+560¢"¢(q*) %1 (¢®)* + 672¢° d(q*)*10(¢®)° + 448¢°p(q*) 1 (¢®)® + 128¢"p(¢®)”
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x_
+ 20062 = 1) 0(q4)00(6%) +606(a")Pw(a®)? + 166%0(a") 0 d)?

31
+32¢%0(q")*Y(¢®)* +48¢°3(q*)*1(¢®)® +32¢°¢(¢")¥(¢*)°)
560 x 32* — 126 3360 x 32* — 756
= 6(¢") + T 00(a") U (¢) + T 0 e
280(x32 M1 — 1 560(32 M1 — 1
¢ BT 2D gyttt + LT D gty
840 x 3221 — 6048 560 x 3221 — 4032
e Pola)(e") + "6(a" )0 d")°
+128¢"(¢®)".
It follows that
A1
S @ = ofa)” + 2D ey

n>0

Thus («) follows by induction. We also have

Zm (4n + 3))

n>0

_280(32Mt — 1)

o d(q)* ¥ (q*)® + 128q(¢*)"

_280(32*M — 1) (

T (0@ +400(a"))" ¥(e*) + 12800(a),

SO

> (4 @n+7)q" =

n>0

280(322 1 — 1)
31

-80(q)*1(q°)*Y(q)° + 128¢(q)”

64(35 x 3221 4 27)

= o ¥(q)".
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(ii) We have

64(35 x 3221 4 27)
31

S (A B+ 7)) = (P(¢%) + qib(¢”))" .

n>0

It follows that
64(35 x 3221 +27)

> re(4(24n + 23))¢" = 3 21P(q)*¢(q*)? (P(9)® + ¢*¥(¢%)?)
n>0
1344(35 x 3221 4 27) 5 300(q)*
- P
a1 (@) (q”) (0
A+1
_ 1344(35 ><3312 +27)¢<q)5{c(q)/3}‘
(iii) We start by proving that for A >0
(a) . .
43> — —
S re(anyg = P22 Wy BB gty
n>0
189(243* — 1) ¢(¢°)®
242 o(q) ’
(3) . .
7(243M1 — 1 8 91(243 M1 -1
> (3 ln)g = ( 512 ) 22;) + 2 513 L 5(¢)0(a)"
n>0

28 x 243> 1 970

3\7
540 P(q°)".

() is true for A = 0. Suppose («) is true for some A > 0. Then

Z r7(3%*n)q"

n>0
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252 x243* — 10 (q*)®
N 242 { (7 $(q°)
3\8
tq (228—9; 1 666(¢°)% (¢ — 54¢<q9>6) X(¢)
+* (846(a°)8(a*) X (¢*)?) |

T 216(¢)0(%)* — 27¢<q9>7)

189(243* — 1)
242

{6(°)6(a")* — 200(a°)6(a*) X (")

_ (7(243>\+1 _ 1) ¢<q3)8 21(243)\+1 B 1)

0 o) 0 o(q°)p(q*)*

28 x 243> 1 9270
— ¢(q9)7)

242
504 x 243* — 20 ¢(¢®)® 16632 x 243 — 660 ,, 9.5, 3.4
b (A B S o el
56 x 24321 — 540 4.4
_ X (a3
512 o(q”) ) (¢°)

5, 19656 x 243 4 672
+4q

249 ¢(q9)¢(q3)4X(q3)2_

It follows that

7(243M1 — 1) ¢(q)®  21(2432L —1)
2 o) T a2 ¢

> (3 n)g" =

n>0
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28 x 243> 1 970

5 o(g*)"
T ola°)"
= 242 { (28@5(613) T o(¢%) )
37 T
+q <16¢;((qqg>) +1086(¢°)°0(¢*)* — 1083(23)) ) X(g")
3\7 9)6
wa (15050 + 2100000 ot - 108500 ) x ()
A+1
+ 21(24?;4; 1){ (40(¢*)" = 30(¢°) 0(¢°)?)
3\7
+q <2% + 6¢(q9>3¢(q3)3) X(q")
+4* (240(6°)°6(¢*)* X (6*)?) |
28 x 243 M1 — 270
_ 5 {o(a)"}
A+l A+1
_ <252 x 233; 10¢<q3)7 B 63(24?;4; 1)¢(q9)4¢(q3)3
189(243*M1 — 1) ¢(¢%)®
B 242 o(q?) )
N N A1 _
g (154(242342 1) q;((qqg)) N 882(242342 1)¢(q9)3¢(q3>3
756(243M1 — 1) ¢(¢”)7
- 242 o(q®) ) (@)
N 3\ A1
+q° (28(24?;42 . 289;2 T 2016(222 1)¢(q9)2¢<q3)3
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756(243M 1 — 1) ¢(q°)"
- 242 ¢(q)

) X(q°)*.

It follows that

252 x 243 1 _ 10 63(243 1 — 1
> (3P n)g" = s(a) - & )

3\4 3
513 513 ?(q°)" #(q)

n>0

189(243 M — 1) ¢(¢?)®
242 olq)

Thus (a) and (3) follow by induction. Also

19656 x 243* + 672
B 242

S (9 (30 +2))g"

n>0

o(a*)p(q)* X (q)?

A
_ 84(117 >;22143 +4) 6(q)° {c(q2)/3}.

(iv) We have

% A
S (@ n+2)g = D oty ),

n>0

If we write

(@) {c(d®)/3} = Jo(¢®) + a1 () + -+ + 4" T2 ()
we find

84(117 x 243> + 4)

3 (92 (24n + 23))g" = -

n>0

J7(q)-

If we compare this for A = 0 with Theorem 3(ii) for A = 0 we find

> rr(24n +23)g" = 84J7(q) = 49728¢(q)*{c(q)/3}

n>0
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SO

J7(q) = 592¢(q)*{c(q)/3}

and

% A
S e 2n 1 23)g" = ST g3y,

n>0
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