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The object of this note is to present a brief derivation of the main result of

Andrews et al [1]. We obtain a multivariable generating function associated

with tk(n), the number of k–gon partitions of n, that is, those partitions of

n,

n = a1 + a2 + · · · + ak

in which

1 ≤ a1 ≤ a2 · · · ≤ ak and a1 + a2 + · · · + ak−1 > ak.

(The case k = 3 gives the number of triangles with integer sides and perime-

ter n.) Andrews et al did this with MacMahon’s Partition Analysis (Ω–

Calculus), but we do without.

Thus, let

a1 = 1 + δ1, a2 = 1 + δ1 + δ2, · · · , ak = 1 + δ1 + δ2 + · · · + δk,

with δi ≥ 0. Then

(k − 1) + (k − 1)δ1 + (k − 2)δ2 + · · · + 1δk−1 > 1 + δ1 + δ2 + · · · + δk,

or,

δk < (k − 2) + (k − 2)δ1 + (k − 3)δ2 + · · · + 1δk−2.
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It follows that if S denotes the set of all k–gon partitions,

G =
∑

S

xa1

1 xa2

2 · · ·xak

k
=
∑

x1+δ1

1 x1+δ1+δ2

2 · · ·x1+δ1+δ2+ ··· +δk

k

where the sum is taken over all {δ1, δ2, · · · , δk} with δi ≥ 0 and

δk < (k − 2) + (k − 2)δ1 + (k − 3)δ2 + · · · + 1δk−2.

Thus, if we set

Xi = xixi+1 · · ·xk, i = 1, · · · k,

we find that

G =
∑

X1+δ1

1 Xδ2

2 Xδ3

3 · · ·Xδk

k

=
∑

X1+δ1

1 Xδ2

2 · · ·X
δk−1

k−1

(

1 − X
(k−2)+(k−2)δ1+(k−3)δ2+ ··· +1δk−2

k

1 − Xk

)

=
X1

1 − Xk

∑

Xδ1

1 Xδ2

2 · · ·X
δk−1

k−1

−
X1X

k−2
k

1 − Xk

∑

(X1X
k−2
k

)δ1(X2X
k−3
k

)δ2 · · · (Xk−2Xk)δk−2X
δk−1

k−1

=
X1

(1 − X1)(1 − X2) · · · (1 − Xk)

−
X1X

k−2
k

1 − Xk

1

(1 − Xk−1)(1 − Xk−2Xk)(1 − Xk−3X
2
k
) · · · (1 − X1X

k−2
k

)
,

which is [1, Theorem 1].

Of course, if we put xi = q for all i, we obtain [1, Corollary 1],

∑

n≥0

tk(n)qn =
qk

(1 − q)(1 − q2) · · · (1 − qk)
−

q2k−2

1 − q

1

(1 − q2)(1 − q4) · · · (1 − q2k−2)
.
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