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Lecture 2

• Synchronization

• Dynamic networks

• Some theory

• Classes of networks

Acknowledgement: Ron Chen, Xiaofan Wang

Main ref: X.F.Wang and G.Chen, “Synchronization in Scale-free Dynamical 
Networks: Robustness and Fragility”, IEEE Trans on Circuits and Systems–
I, Vol. 49, pp. 54-62, 2002.
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Synchronization

• Universality

• Good and bad versions

• History of models
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Universality

Synchronization is everywhere in the natural and human-
made universe.
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Synchronization of Clocks
In 1665, Dutch physicist Christiaan Huygens observed the 

motions of two pendulum clocks he had built.

He detected an “odd kind of sympathy” between the clocks: 
regardless of their initial state, the two pendulums soon 
adopted the same rhythm, one moving left as the other 
swung right.

This synchrony to tiny forces transmitted between the 
clocks by the wooden beam from which they were 
suspended.
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Fireflies Synchronize their Flashes

“Below a threshold, 
anarchy prevails; 
above it, there is a 
collective rhythm,”--
- Winfree
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Synchronized Clapping

Self-organization in the 
concert-hall: the dynamics of 
rhythmic applause

Ref: Néda etal, Nature, 2000.
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Universality

Many other examples:

• tidal rivers
• gravity
• electronics
• biological clock,e.g.heartbeats
• brains, e.g. epilepsy
• etc
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But

Synchronization may be harmful……
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Pedestrians make London’s Millennium Bridge 
wobble
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Synchronization in Internet
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Internet Congestion Control Approach

Congestion control has two components

– TCP: adjusts rate according to congestion
– AQM: feeds back congestion based on utilization

pl(t)

TCP: 
TCP Reno
TCP Vegas
etc

AQM:
DropTail
RED
etc

xi(t)
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Attempts to Explain Synchronization

1958 Weiner – first mathematical study of collective synchronism

Geometric studies (small systems)

Networks of oscillators
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Some History

1665 Huygens – pendulum clocks
1736 Euler - invents graph theory
(1892 Lyapunov – stability theory)
1967 Winfree - biological study, coupled oscillators
1984 Kuramoto – some theory for onset of synch
1989 Mirollo and Strogatz – synch of oscillators
1996 Wu and Chua - conjecture
1998 Pecora and Carroll – master stability functions
2002 Wang and Chen – Lyapunov function proof
2004 Belykh – connection graph stability

A lot of the recent work in physics journals.
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Winfree’s Pioneering Work

Formulated the problem in terms of a huge population of 
interacting limit-cycle oscillators. 

The problem would be intractable, but Winfree intuitively 
recognized that simplifications would occur if the coupling 
were weak and the oscillators nearly identical. 

Then one can exploit a separation of timescales: on a fast 
timescale, the oscillators relax to their limit cycles, and so 
can be characterized solely by their phases; on a long 
timescale, these phases evolve because of the interplay of 
weak coupling and slight frequency differences among the 
oscillators.
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Kuramoto Result

He showed that for any system of weakly coupled, nearly identical 
limit-cycle oscillators, the long-term dynamics are given by 
phase equations of the following universal form:

1
( )

N

i i ij j i
j

θ ω θ θ
=

= + Γ −∑
The interaction functions Γij can be calculated as integrals 
involving certain terms from the original limit-cycle model
These equations are still far too difficult to analyze in general—
the oscillators could be connected in a chain, a ring, a cubic 
lattice, a random graph, or any other topology.
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Kuramoto Model

The simplest possible case of equally weighted, all-to-all, purely 
sinusoidal coupling:

1

sin( )
N

i i j i
j

K
N

θ ω θ θ
=

= + −∑

K is the coupling strength and the factor 1/N ensures that the 
model is well behaved as N ∞
The frequencies ωi are distributed according to some probability 
density g(ω) 
For simplicity, Kuramoto assumed that g(ω) is unimodal and 
symmetric about its mean frequency
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Order Parameter
To visualize the dynamics of the phases, it is 

convenient to imagine a swarm of points 
running around the unit circle in the 
complex plane. 

1

1 j
N

ii

j

re e
N

θψ

=

= ∑

The radius r(t) measures the phase coherence, and ψ(t) is the average 
phase
For instance, if all the oscillators move in a single tight clump, we have 
r(t) ≈ 1 and the population acts like a giant oscillator. 
If the oscillators are scattered around the circle, then r(t)≈ 0; the 
individual oscillations add incoherently and no macroscopic rhythm is 
produced
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Synchronization threshold

(A) For all K less than a threshold Kc, the oscillators act as if they 
were uncoupled: phases become uniformly distributed around 
the circle, starting from any initial condition. Then r(t) decays 
to a tiny jitter of size O(N-1/2 )

(B) When K exceeds Kc, r(t) grows exponentially, reflecting the 
nucleation of small clusters of oscillators that are mutually 
synchronized, generating a collective oscillation. 

1
sin( )

N

i i j i
j

K
N

θ ω θ θ
=

= + −∑
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Dynamic Networks

Complex networks model 
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Complex networks model

Consider a dynamical network consisting of N
identical and linearly coupled nodes, with each 
node described by an n-dimensional dynamical 
system. 

Assume:

• Node dynamics are identical

• Coupling is uniform constant c>0 
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1

( )i ix f x=

32

i=1,..N

Uniform coupling c(xj-xi)

13 31 1a a= =
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Complex networks model

The dynamics are described by

where is the state at node i, constant c>0 represents the 
coupling strength and Γ is an internal constant 
connectivity matrix for the variables of each node. The 
constant coupling matrix A = (aij) represents the coupling 
configuration of the network.

Studied by stability theory methods – see later.

Nixacxfx j

N

j
ijii ...,3,2,1,)(

1
=Γ+= ∑

=
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Synchronization Theory

Synchronization is a stability problem dependent on:
1. Local dynamics
2. Coupling strengths
3. Configuration

Historically analysed independently using the complex 
networks model as an evolution from coupled oscillators 
with the same dynamics and uniform coupling. 

Emphasis on coupling structure.

Power system theory deeper into dynamical behaviour, 
bifurcations, regions of stability, but not so much 
structure of network.



8/2/2007 © David J Hill           The Australian National University      Networks 25

A Dynamical Network Model
N identical linearly and diffusively coupled nodes, with each 

node being a n-dimensional dynamical system

1
( ) , 1,2, ,

N

i i ij j
j

x f x c a x i N
=

= + Γ =∑

1 2( , , , ) ;n
i i i inx x x x= ∈ℜ c>0 coupling strength;

( ) N N
ijA a ×= ∈ℜ coupling matrix

If there is a connection between node i and node j (j≠i),
then aij=aji=1; otherwise, aij=aji=0. aii=-ki.

Γan output matrix (can be a function)
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Synchronization

Network is said to be (asymptotically) synchronized if

x1(t) → x2(t) → · · · → xN(t) → s(t),  as  t→ ∞

where s(t) is a solution of an isolated node, i.e.

Here, s(t) can be an equilibrium point, a periodic orbit, or a chaotic 
orbit, depending on the nature of the study.

))(()( tsfts =
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Basic result

Consider the case where the network is connected in the sense that 
there are no isolated clusters. Then, the coupling matrix A is 
symmetric and irreducible. In this case, its eigenvalues satisfy

0 = λ1 > λ2 ≥ λ3 ≥ ∙∙∙ ≥ λN.  

It has been shown that the synchronization state is exponentially stable 
if

c ≥ │d / λ2│

where d < 0 is a constant determined by the dynamics of an isolated 
node and the internal node structural matrix Γ. 

X.F.Wang and G.R.Chen: IEEE T-CAS (2002)
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Basic Stability Lemma
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Sufficient Condition
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Network Synchronization

• Regular networks
– Globally connected
– Locally connected

• Small-World Networks

• Scale-Free Networks
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Remarks:

Synchronizability is said to be strong if the network can 
synchronize with a small coupling strength c.

The synchronizability can be characterized by the second-
largest eigenvalue of its coupling matrix.

A small value of  λ2 corresponds to a large value of |λ2 | 
which implies that network can synchronize with a small 
coupling strength c.

A sufficiently large coupling strength c will lead to 
synchronization, but more might not be better!

2/c d λ≥
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X.F.Wang and G.R.Chen: IEEE T-CAS (2002)
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Synchronization: Globally Connected Networks

Observation:
No matter how large the 

network is, a global coupled 
network will synchronize if its 
coupling strength is 
sufficiently strong

Good – if synchronization is 
useful

2 Nλ = −
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Synchronization: Locally Connected Networks

Observation:
No matter how strong the 
coupling strength  is, a 
locally coupled network will
not synchronize if its size is 
sufficiently large

Good - if synchronization is 
harmful

/ 2K
2

2
1

4 sin
j

j
N
πλ

=

⎛ ⎞= − ⎜ ⎟
⎝ ⎠

∑
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Synchronization: Small-World Networks

Start from a nearest-
neighbor coupled 
network

Add a link, with 
probability p, 
between a pair 
of nodes

Small-World Model

Good news: A small-world network 
is easy to synchronize !

Synchronizability can be greatly enhanced by just adding a tiny fraction of long-
range connections

X.F.Wang and G.R.Chen, Int. J. Bifurcation & 
Chaos (2002)
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Synchronization in small-world networks

For a given N, there 
exists a critical value    
so that if           , then the 
SW network will 
synchronize.

p
1p p≤ ≤

For any given p∈(0,1], 
there exists a critical 
value    so that if         , 
then SW network will 
synchronize.

N N N≥
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Synchronization in scale-free networks

“Adding new nodes to SF network cannot decrease synchronizability”-
need to be careful!



8/2/2007 © David J Hill           The Australian National University      Networks 38

Robustness of SF Networks

Consider either random or 
specific removal of a small 
fraction f (0 < f << 1) of nodes 
in the network. 

Result 1: when as many as 5% of 
randomly chosen nodes are 
removed, the λ2 remains 
almost unchanged; therefore 
the ongoing synchronization is 
not altered.
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On the other hand, it is also 
particularly vulnerable to 
deliberate attacks. 

Result 2: the λ2 decreases rapidly, 
almost to one half of its original 
value in magnitude, when only 
an f ≈ 1% fraction of the highly 
connected nodes was removed. 
At a low critical threshold, e.g., f 
≈ 1.6%, the eigenvalue abruptly 
changes to zero, implying that 
the whole network was broken 
into isolated clusters; therefore 
the ongoing synchronization will 
be completely destroyed.

Fragility of SF Networks
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Synchronization: Scale-Free Networks

X.F.Wang and G.R.Chen: IEEE T-CAS (2002)

Robust against random attacks and random 
failures

Fragile to intentional attacks and purposeful 
removals of ‘big’ nodes

Both are due to the extremely inhomogeneous connectivity 
distribution of scale-free networks
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Other Methods

• Master Stability Function
Ref: Pecora and Carroll, Phys Rev Letters, 1998

• Connection Graphs
Ref: Belykh etal, IJBC, 2005

Synchronization is more complicated than just making c bigger than 
some bound given by one eigenvalue; all eigenvalues at each 
coupling situation are relevant.

And that is only for local results!
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Master Stability Function

Synchronization: 1 2( ) ( ) ( ) ( )Nx t x t x t s t= = = =

Master stability equation: [ ( ) ( )]Df s DH sξ α ξ= +

Synchronization region (the region where MSF is 
negative):

Master stability function: the corresponding largest 
Lyapunov exponent

( ) ( )i i j
ijj

x F x G H xσ= + ∑ A general output function
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Synch Condition

Maximum 
Lyapunov 
exponent

2 2 1/ /Nλ λ α α β< ≡

Even sufficiently strong coupling do not guarantee synchronization.
Some networks are just not synchronizable no matter how the global 

coupling is tuned.

Synchronization if

Barahona, M. & Pecora, L.M., “Synchronization in small-world Systems”, Physical 
Review Letters, vol. 89, pp.054101, 2002.
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Connection Graph Stability Method

Belykh et al. proposed a new general method to determine 
global stability of total synchronization, which combines the 
Lyapunov function approach with graph theoretical reasoning.

The non-zero elements of the P determine which variables 
couple the oscillators.

The matrix G=(εij(t)) defines a graph with n vertices and m edges.

1

( ) ( ) , 1, ,
n

i i ij j
j

x F x t Px i nε
=

= + =∑

Belykh, I.V., Belykh, V.N.& Hasler, M., “Connection graph stability method for synchronized 
coupled chaotic systems.”, Physica D, vol. 195, 2004.
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where                        

is the sum of the lengths of all chosen paths Pij which pass through a given edge k
that belongs to the coupling configuration.

( ) ( , )k k
at b n m
n

ε >

( , ) ( ),
n

k ij ij
j i

b n m z P k P
>

= ∈∑

Result

Synchronization if

This method directly links synchronization with graph theory and allows us to 
avoid calculating both the Lyapunov exponents and the eigenvalues. It 
guarantees total synchronization from arbitrary initial conditions.

It allows us to link explicitly the conditions for the stability of synchronization 
with the average path length of the coupling graph and to show clearly the 
connection between graph theory and network dynamics.
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Star Network

Defined by coupling strength sufficient for global synch of two oscillators.
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Example

etc
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The Connection Graph Stability Method

Method:  For every pair of 
nodes (i,j), choose a path 
through the network 
between the nodes.  The 
choice of paths give a value 
of

This value is based upon 
the link with the most paths 
through it and represents 
the “weakest link” in the 
network

Examples of CGS Method applied 
to simple networks
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CGS Method vs Eigenvalue Techniques

• Synchronisation using the CGS method is  characterised by 
graph theory, and so is easier to relate to the network structure.

• CGS method gives rigorous but suboptimal synchronisation 
conditions. 

• Current eigenvalue techniques are not all rigorous (based upon 
Lyapunov exponents, not Lyapunov functions).

• Different path choices give different synchronisation conditions.

• There is difficulty in choosing paths between nodes for many 
network types.
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Eigenvalue and CGS methods applied to  scale 
free networks and star approximations

Ref: Belykh etal, 
IJBC, 2005
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